CHAPTER 10 INFINITE SEQUENCES AND SERIES 


10.1 SEQUENCES 


1 o, — !-! _ n — 1-2 — — 1 — !-3 — _ 2 - _ 1-4 _ 

A- a l — 12 — U, U2 — 92 — A 5 a 3 — ^2 — Ü ) a 4 — 4.2 — 


16 


9 o.-i-l q n -I-i ^-i-I 
■4* a l ii a 2 9 | 2 ’ a 3 3 | 6 ’ 41 94 


Q (“I) 2 1 (“I) 3 

3. ai = ^ = 1, a 2 = 


4-1 


i _ uir _ 1 _ (riz 

3> a 3— 6 _ 1 — 5 > a 4 — 8-1 


4. ai = 2 + (-1) 1 = 1, a 2 = 2 + (-1) 2 = 3, a 3 = 2 4- (-1) 3 = 1, a 4 = 2 + (-1) 4 = 3 

< a-A-Ia-Z-Ia— Z — la— Z — I 

J. ai 2 J 2 , a 2 2 3 2 > a 3 2 4 2 ’ a4 2 5 2 

fia - 2^1 _ 1 _ 2 2 — 1 _ 3 _ _ 2 3 — 1 -Ir,— 2 4 — 1 _ 15 

D- a l 2 2 ’ 32 2 2 4 ’ a 3 2 3 8 ’ a4 2 4 16 

7 a — I a -1.1-3 „ _ 3,1 _ 7 _ 7 , 1 _ 15 „ _ 15 , 1 _ 31 „ _ 63 

/. ai-l,a 2 -I + 2- 2 ’ a 3- 2 + 2 í -4’ a4 -4 + 2 I -T’ a 5-T + 2 I-T6’ a G“32’ 

„ _ 127 „ __ 255 „ _ 511 „ _ 1023 

a 7 — 64 > a 8 — !28 > a 9 — 256 ’ ai ° — 512 


8 „ _ 1„ _ 1 „„ _ (2 ) _ la _ ( 5 ) _ J_ a _ ( 24 ) _ _J_ a _ _J_ a- _ 1 a _ 1 

o. ai — i, a 2 — „, a 3 — , — , a 3 — . — „ 4 , as — s — ion , ag — 79n , a 7 — , as — 


a 9 = 


362,880 


, aio — 


3 — 6 • 

1 

3,628,800 


40,320 


9. ai = 2, a 2 = 


_ (—lr(2) 
2 


-la.- UlZjl) __ _ 1 . 

1 , 3.3 2 2 ’ ^4 


(-d 4 (-D 

2 


_i , _ _ 1 

4 ’ d5 — 2 — 8 


a 6 16 ’ 3 7 32 ’ a§ 64 ’ 39 128 ’ 310 256 


10 a - O-, H-2) _ i 2-1—1) __ 2 „ _ 3-(-i 

iu. a x — —z, a 2 — —2— — ^ 4 > a 3 — —3— — — 5, a 4 — — 4 

a 7 = ^ . a 8 — ^ > a 9 = í) > a 10 ~ 5 


1 „ — 4 '(-j) -2 

2 ’ a 5 - ~ 5 ’ 3 G 


11. ai — 1, a 2 — 1, a 3 — 1 4- 1 — 2, a 4 — 2 4-1 — 3, as — 3 4-2 — 5, ag — 8 , a 7 — 13, a 8 — 21, 39 — 34, aig — 55 

12. ai = 2, a 2 = -1, a 3 = - \ , a 4 = = \ , a 5 = -^4y = -1, a 6 = -2, a 7 = 2, a 8 = -1, a 9 = - a xo = \ 


= (—l) n+1 , n = 1,2,... 

14. 

= (—l) n+1 n 2 , n = 1,2,... 

16. 

- 2 "‘ n - 1 2 

— 3(n + 2)> 11 — 4 >A--- 

18. 

= n 2 - l,n= 1,2, ... 

20. 

= 4n-3,n= 1,2, ... 

22. 

= 3n t 2 ,n= 1,2, ... 

n! ’ ’ ’ 

24. 


2n^5 

n(n+l) 


20. a n = n —4,n=l,2, ... 
22. a n = 4n — 2, n = 1,2,.. 
24. a n = jsrts n = 1,2,... 
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570 Chapter 10 Infinite Sequences and Series 


25. a n = 1 + ( ~ 1)J+1 ,n= 1,2, ... 


26. a n = n ^ + ( 2 


= LiJ.“=1.2, 


27. n lim c 2 + (0.1 ) n = 2 => converges (Theorem 5, #4) 

28. lim n + f-1) = lim 1 + —— = 1 => converges 

n —> oo n n ^ oo n ° 

1-7 ( l )-2 _7 

29. lim k-rrr = lim 444—- = lim = — 1 => converges 

n —> oo i+in n ^ oo (¿J + 2 n —> oo ¿ ° 


30. lim 

n —► oo 


2n + 1 
1-3^5 



= — oo => diverges 


. _ - 4 ( 2[)-5 

3L nÜPoo OT = n^oo T^W = ~ 5 ^ converges 

32. n üm = nlíPoo (n + 3xn + 2) = „¥oo n?2 = 0 ^ converges 

33. lim n ~— 2n . +1 = lim (n ~ 1,(11 ~ 11 = lim (n — 1) = oo => diverges 

n —> oo n— i n —> oo n—i n —> oo ° 


i 3 ( —2 ) — n 

34 lim *~"o = lim — — oo => diverges 

n^oo 7() ~ 4n n—>ooíI0 j _4 ° 

35. n lim^ (1 + (—1)”) does not exist =X diverges 36. n lim^ (— l) n (l — 4) does not exist =>■ diverges 

37 - n 1 ™» (1 — 5 ) = n^ÍPoo G + ¿) í 1 - i) = 5 =* converges 

38. n lim o (2 - ¿) (3 + ^) = 6 => converges 39. n lirn o = 0 => converges 

— 4) = lim = 0 =$■ converges 

4L nÜPoo ^¡¡TT = nTT = \/n^oo (tT¡) = ^ ^ converges 

42. lim TTnvs = lim (4)” = oo => diverges 

n —> oo (0.9) n n —> oo v 9 / ° 

43. lim sin (| + 2) = sin í lim (? + -'))= sin ? = 1 => converges 

n —> oo '2 n/ V n —> oo '2 n/l ¿ D 


44. lim n7rcos(n7r)= lim (n7r)(—l) n does not exist => diverges 

n —> oo n^oo D 

45. lim = 0 because — - < < - => converges by the Sandwich Theorem for sequences 

n^oon n — n — n t? j i 

46. n lim^ = 0 because 0 < ^ => converges by the Sandwich Theorem for sequences 

47. ^lirn^ ^= n lim c ¡ n2 = 0 => converges (using l'HÓpital's rule) 
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48. n lin) x = = ^ lim^ 3 = ^ Htr^ 3 (1 6 " 3) — ^ IJrti^ 3(1 " 3) = oo => diverges (using l'Hopital's rule) 


49. lim ln(n ¿ 1> = lim / n ~'\ = lim — lim = 0 => converges 

n — > oo v n n —> oo ^ ^ j n —> oo n + 1 n —> oo i + ^ij 


50. lim r^JL — \[ m -W- — \ => converges 

n —> oo ln2n n —> oo (^J & 


51. lim 8 I/n = 1 =$■ converges (Theorem 5, #3) 


lim 

n —> oc 

_ (0.03) 1/n 

= 1 =>• converges 

lim 

i —> oo 

(i + D n 

= e 7 => converges 

lim 

(i - i) n 

= lim 

[l + í=ül 

1 —> oo 

V n / 

n —> oo 

n 

lim 

i —> oo 

v/lOn = 

lim 10 1 

n —>oo 

/n . n l/n _ 

lim 

1 —> oo 

\/^ = 
v n 

“Poo (<^) 2 = 12 = 


57. lim 

n —> <x) 


58. lim 

n —> oo 


= e 1 =>- converges (Theorem 5, #5) 


n • n 1//n = 1-1 = 1 => converges (Theorem 5, #3 and #2) 


(n) = "lim n 1 /» = y = 1 => converges (Theorem 5, #3 and #2) 

n—»oo 

(n + 4) 1 /l n + 4 ) — x lim^ x'/ x = 1 => converges; (let x = n + 4, then use Theorem 5, #2) 


_ „ .. i n n lim ln n „ 

59. lim = yoc = oo _ qq 

n —> oo n 1 / 11 lim n l n 1 

n—»oo 

lim [lnn-ln(n+ 1)1 = lim ln(-¡h-)=ln( lim -^r) = 

n —> oo L ‘ n = oo vn+1/ \n = oo n+iy 

lim \/4 n n = lim 4 Vl/ñ = 4-1=4 =>■ converges (Theorem 5, #2) 

n —> oo v n ^ oo v 0 

lim \f 3 2n+1 = lim 3 2 +(V n ) — ii m 3 2 - 3 1 / 11 = 9-1=9 =>■ converges (Theorem 5, #3) 

n —» oo n —> oo n —> oo ° v 


diverges (Theorem 5, #2) 


60 


ln 1 = 0 => converges 


63. lim n ,; = lim 1 ' 2 ’ 3 "' (n — 11(111 < lim (1) = 0 and ^ > 0 =>■ lim = 0 => converges 

n —» oo n n —> oo n-n-n- ■ n-n - n^oo '»/ n“— n^oo n‘ 


• (— 4V 1 , 

64. n lim^ = 0 =>■ converges (Theorem 5, #6) 

65 - n 1 ™» = n li Poo 71WJ =°° diverges (Theorem 5. #6) 

diverges (Theorem 5, #6) 

67. lim lil'/dnn) = j- m eX p (pL ln (1)) = lim exp í ln 1 ,~ lnn ) = e" 1 => converges 

n^oo'n/ n = oo r Unn Vn// n ^ oo r V ln n / ° 


66. lim ^ = lim tAt- = oo 

n —> oo 2 n j n n —* oo (K) 
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572 Chapter 10 infinite Sequences and Series 


68. lim 


ln (l + i) n = ln ^ Mrn^ (l + 1)") = ln e = 1 =t> converges (Theorem 5, #5) 


69. n ljn^ (|±i) n = n lirn^ exp (n ln (|±|)) = exp ( 


ln (3n + 1) — ln (3n — 1) 


) 


= lim exp 

n —> oo 1 


3 _ 3 

3n+ 1 3n — 1 


= n^íPoo 6X P ( (3n+l 6 )(3n-l) ) = eX P (I) = 


converges 


i_ i 

n+ 1 


70. lim (^-r) 11 = lim exp (n ln (—4r)) = lim exp ( lnn nf' +l1 1 = lim exp I —- 

n->oo '■n + U n ^ oo F v Vn+133 n^oo (;) / n-^oo 1 l (_ i 

= n'üPx eX P (" ¡ÜSTT)) = e_1 


converges 


71. lim ( , x " . ) = lim x( , 4. ) = x lim exp (~ln( 9 1 )) = x lim exp ( ln(,n + 1) 

n^oo 12n+ll n —> oo V 2n + 1 / n ^ oo r ln V 2n +1 II n ^ oo 1 \ n 

= x n lipi c exp (t^t) = xe° = x, x > O =>■ converges 


72. 

73. 

74. 


lim (l — 4) n = lim expfnlnfl — 4)1 = lim exp í —4r 

n —» oo x / n —> oo r \ V n 1 )) n —> oo r \ (i 

= n lirn^ exp (jí4V) = e° = 1 => converges 

n linio l^ = n li í 1 oo ^ =0 => converges (Theorem 5, #6) 



(n)° 

(Theorem 5, #4) 


lim 

n —> oo 


lim 


(n)°(n)° 


11111 / io \ n / q \ n / 19 \ n / 11 \ n 11111 / 108 \ n 7 

(h) (ra) +(n) (ra) n ^°° (ira) + 1 


/ 120\ n 

— i;™ \ 121 ) 

TT — rim n08N»— 


O => converges 


75. lim tanh n = lim e " . e _° = lim 7° . ) = lim 44 = lim 1 = 1 

n —> oo n —> oo <= + e n n^oo^ + 1 n = oo 2+” n —> oo 


converges 


76. lim sinh (ln n) = lim 


tan _ e -lnn n — (1) ,. 

= lim — 7 ^- = oo =>■ drverges 


77. lim - , 

n —> oo 2n - 1 


W = ü m 


lim 

1 —> oo 


’ (n)) ( n 2 ) 


= lim 


n —> oo —2+| 


converges 


78. lim 

n —> oo 


/, i N (l — eos 1) 

n í 1 — eos -) = lim -— tjt n> — li 

V n/ n —> oo (2) n — 


lim 


[^n (i)] 

(4) 

1 

(¿) 



= n Hrn^ sin (1) = O =>■ converges 


79. lim 

n —> oo 


Viisinf^') = lim —= lim — (y-OÍ 2+/4 _ j- m cos ^_i 4 = cos 0=1 

v \ v n / n^oo n-^oo n = oo VV n / 


converges 


80. lim (3 n + 5 n ) 1/n = lim exp [ln(3 n + 5 n ) 1/n 

n —± rv~i x / n —^ rv9 ± I v ' 


— lim exp 

n —> oo r 


n —> oo 

r( '|i)ln3 + ln5 

(#1 


= lim exp 

n —> oo r 


ln(3 n + 5 n ) 


= lim exp 

n —> oo r 


3 n ln3 + 5 n ln5 
3»+ 5» 


= lim exp 

n —» rvt 1 


| In3+ln5 

(¡Th - 


81. lim tan 1 n = f =í> converges 


= exp(ln5) = 5 

82. lim -4- tan” 1 n = O • 5 = O => converges 

n —> oo ,/n 2 D 
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83. n lin^ G) n + 7? = n'iFoo (ü)" + (75) ) = 0 =► converges (Theorem 5, #4) 


84. lim \/n 2 + n = lim 

n —^ rvn v n —» or 


exp 


85. lim 2üüíü = lim 

n —> oo n n — > oo 


86. lim 2^ = lim 

n —> oo y n n —> oo 


'( 

5(ln n)^ 

)' 


(^7=) 



ln(n “ + n) 1 = n lirn o exp (^±¿) = e° = 1 => converges 

zoo-199 dn ni _ _ jj m 2001 = o =>■ converges 

n n —> oo n ° 

lim = i im 800 nn¿ = = lim 3840 = o converges 

—> oo y n n —> oo y n n —> oo y n ° 


200 (ln n) 199 _ j im 
n n —> oo 


87. lim 

n —> o 


oo 

_ 1 
2 


^n - \/n 2 - n j 
=> converges 


lim 

n —> oo 


fn— \/ n 2 - n) f n + —s ) = li m - n = lim - 

\ / \n+yn 2 — n/ n^oo n + i/n 2 -n n->oo 1 + Wi- 


88. lim , 1 , = = 

n —» oo Vn 2 - 1 - v n 2 + n 

/r T+i/^TI 


= lim 

n —> oo 


,/1 - 4 

lim V , 

n -> oo (- ¡ - 1 


f_ 1 3 f 7n 2 -l + Vg+ ñ\ _ lim 

V \¡ n 2 - 1 - \/n 2 + n / V Vn 2 - 1 + v^ 2 + n / n —> oo 


-\/n 2 — 1 + \/n 2 + n 


1 — n 


2 => converges 

3=0 


89. lim - f - dx = lim — = lim - = 0 => converges (Theorem 5, #1) 

n-ioo n J i x n ^ oo n n ^ oo n ° ’ ' 


90. lim f n 3-dx= lim 

n —i oo J i xp n ^ oo 


_1_L_ 

1—p xP _1 


aÜPoo I^p (nFT - !) = p^T if p > 1 ^ converges 


91. Since a n converges => lim a n = L => lim a n + 1 = lim . 72 =>• L = . 11 . =>• L(1 + L) = 72 => L 2 + L — 72 = 0 

11 ° n ^ oo n ^ oo + n —> oo 1 + ^ 1+L \ > 

=> L = —9 or L = 8; since a n > 0 for n > 1 => L = 8 

92. Since a n converges , 

=>- L = — 3 or L = 2; since a n > 0 for n > 2 


lim a n 

11 —i 00 11 


1 ÍPa 3 an + 1 — n ^ÍPooa° + 2 L - l + 2 => L ( L + 2) - L + 6 = 


> L 2 + L - 6 = 0 


=> L = 2 


93. Since a n converges => lim a n = L =>■ lim a n + 1 = lim \/ 8 + 2a n => L = v/8 + 2L =í>L 2 — 2L — 8 = 0=í>L = —2 

a n —>oo n ^ oo n —> oo v v 

or L = 4; since a n > 0 for n > 3 =>■ L = 4 


94. Since a n converges => n hm^an = L => n hrn^an +1 = n lim^ \J 8 + 2a n => L = y/8 + 2L => L 2 — 2L — 8 = 0 =í> L = — 2 
or L = 4; since a n > 0 for n > 2 =>■ L = 4 


95. Since a n converges => lim a„ = L => lim a n + 1 = lim J 5a n => L = v5L=>L 2 — 5L = 0=>L = 0orL = 5; since 

° n-too n ^ oo n —> oo v v 

a n > 0 for n > 1 => L = 5 


96. Since a n converges => lim a n = L => lim a n + i = lim (12 — ^/aT) => L 

D n — > oo n — > oo n — > oo V V / 

=> L = 9 or L = 16; since 12 — < 12 for n > 1 =4> L = 9 


(l2 - v^) => L 2 - 25L + 144 = 0 


97. a n + i = 2 + —, n > 1, ai —2. Since a n converges => lim a n = L => lim a n +i 

T a„ — D n —> oo n —> oo 

=>L 2 — 2L—1=0=>L=1± \p2\ since a n > 0 for n> l=í>L=l + \pí 



=^L = 2+I 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 



574 Chapter 10 infinite Sequences and Series 


98. a n+ i = a/ 1 + a n , n > 1, ai = a/T. Since a n converges => n timban = L => n lim o a n + i = n lim o -^/T + a n => L = y/1 + L 

=>L 2 -L-1=0^>L = 1 ; since a n > 0 for n > 1 => L = 1 + ^ 

99. 1, 1,2,4, 8, 16, 32, ... = 1,2°, 2 1 , 2 2 , 2 3 , 2 4 , 2 5 , ... =*► x x = 1 and x n = 2“- 2 forn > 2 


100. (a) 

(b) 


l 2 - 2(1) 2 = -1, 3 2 - 2(2) 2 = 1; let f(a, b) = (a + 2b) 2 - 2(a + b) 2 = a 2 + 4ab + 4b 2 - 2a 2 - 4ab - 2b 2 
= 2b 2 - a 2 ; a 2 - 2b 2 = -1 => f(a,b) = 2b 2 - a 2 = 1; a 2 - 2b 2 = 1 => f(a,b) = 2b 2 - a 2 = -1 


= x 2± 4 


a)- 


r 2 _ o _ ( a + 2b ) 2 _ 9 _ a 2 + 4ab + 4b 2 - 2a 2 - 4ab - 2b 2 _ -(a 2 -2b 2 ) _ ±1 

n \ a + b / (a + b ) 2 (a + b ) 2 y 2 ~ 7 

In the first and second fractions, y n > n. Let I represent the (n — l)th fraction where | > 1 and b > n — 1 
for n a positive integer > 3. Now the nth fraction is a ~ 2 h h and a + b>2b>2n — 2>n =>• y„>n. Thus, 

lim r n = \fl. 

n —> oo v 


101. (a) f(x) = x 2 — 2; the sequence converges to 1.414213562 ra \fl 

(b) f(x) = tan(x) — 1; the sequence converges to 0.7853981635 « | 

(c) f(x) = e x ; the sequence 1, 0, — 1, —2, —3, —4, —5, ... diverges 


102. (a) lim nf(M = lim ^ = lim f(0 + A A x) ~^ = f'(0), where Ax = i 
n -^00 Vn ) Ax —> 0 + Ax Ax —> 0 + Ax 

(b) n 'Mjo 11 tan_1 (n) = f '(0) = TTÓ 1 = b f (x) = tan ” 1 X 

(c) n lim o n (e l/n — 1) = f'(0) = e° = 1, f(x) = e x — 1 

(d) n lim^ n ln (l + \) = f'(0) = T ^ W) = 2, f(x) = ln (1 + 2x) 


103. (a) 


(b) 


If a = 2n + 1, then b = |_fj = L 4n ' + 2 4n+1 J = |2n 2 +2n+ij = 2n 2 + 2n, c = [f] = r2n 2 + 2n+i] 
= 2n 2 + 2n + 1 and a 2 + b 2 = (2n + l) 2 + (2n 2 + 2n) 2 = 4n 2 + 4n + 1 + 4n 4 + 8n 3 + 4n 2 
= 4n 4 + 8n 3 + 8n 2 + 4n + 1 = (2n 2 + 2n + l) 2 = c 2 . 


lim 

a —> oo 



lim 

a —> oo 


2 n 2 + 2 n 
2 n 2 + 2 n+l 


1 or lim 

a —> <x) 



lim sin 9 = lim sin 9 = 1 

a^oo g^n/2 


104. (a) lim (2n7r)70 n ) — lim expíb+í) 

v n —> oo v 7 n —> oo r \ 2 n/ 



, ’JTk ex P (¿) = e° = 1; 


n! « (") \Jlvm , Stirlings approximation =>■ \/ñT « (“) ( 2 n 7 r) 1 /( 2n ) « s f or large valúes of n 


n 


n 

e 

40 

15.76852702 

14.71517765 

50 

19.48325423 

18.39397206 

60 

23.19189561 

22.07276647 


105. (a) 
(b) 


lim 

1 —> 00 


ln n 


= lim = lim = 0 

n —> (X) cn c n —> oo cn c 


For all e > 0, there exists an N = e ( |nf V c such that n > e ( lne) / c 
=)>n c >i => 4<e=> I ^ — 01 < e => lim 4=0 

e n c I n c I 11 —*■ OO n 


=>- ln n > — ^4 


=>- ln n c > ln ( 4 ) 


106. Let {a n } and {b n } be sequences both converging to L. Define {c n } by c 2 „ = b n and c 2 „_i — a n , where 

n = 1, 2, 3, ... . For all e > 0 there exists Ni such that when n > N| then a n L < e and there exists N 2 
such that when n > N 2 then |b n — L| < e. If n > 1 + 2max{Ni, N 2 }, then |c„ — L| < e, so {c n } converges to L. 
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107. lim n 1 /" = lim exp(Mnn) = lim exp(i) = e° = 1 

n —> oo n —> oo r \n / n ^ oo ^vn/ 

108. lim x 1 / 11 = lim exp f ^ ln x) = e° = 1, because x remains fixed while n gets large 

n —> oo n —> oo r Vn > o o 


109. Assume the hypotheses of the theorem and let e be a positive number. For all e there exists a Ni such that 
when n > Ni then |a„ — L| < e => -e < a n L <e => L — e < a n , and there exists a No such that when 
n > N2 then |c n — L| < e => —e < c„ — L < e => c n < L + e. If n > max{Ni, N2}, then 
L — e < a n < b n < c n < L + e =>■ |b n — L\ < e => n liri^ b n = L. 


110. Lete > 0. We have f continuous at L =>• there exists 6 so that |x — L| < 6 =>■ |f(x) — f(L)| < e. Also, a n 
exists N so that for n > N |a n — L| < 6 . Thus for n > N, |f(a n ) — f(L)| < e => f(a n ) —> f(L). 


there 


3(n + 1) + 1 3n+ 1 

(n+l)+l ^ n+1 


3n + 4 ^ 3n+ 1 
n + 2 n + 1 


3n 2 + 3n 


111. a n+ i > a n 

=> 4 >: 

=>- 1 < 3; the steps are reversible so the sequence is bounded above by 3 


4n + 4 > 3n 2 

. 3n + l 


4 > 2; the steps are reversible so the sequence is nondecreasing; < 3 


- 6n + n + 2 
3n + 1 < 3n + 3 


112. a n+ i > a n 


(2(n+l) + 3)! > (2n + 3)! 


(2n + 5)! > (2n + 3)! 


(2n + 5)! > (n + 2)! 


((n+l) + l)! ^ (n + 1)! (n + 2)! " (n + 1)! (2n + 3)! ^ (n+1)! 

(2n + 5)(2n + 4) > n + 2; the steps are reversible so the sequence is nondecreasing; the sequence is not 


bounded since 


(2n + 3)! 
(n+1)! 


= (2n + 3)(2n + 2)- • -(n + 2) can become as large as we please 


113. a n+ i < a n 


211+1311+1 2 n 3 n 
(n+1)! — “ñT 


2!^ < ÍEi+! ^ 2-3 <n 


1 which is trae for n > 5; the steps are 


2 n 3“ — 

reversible so the sequence is decreasing after as, but it is not nondecreasing for all its terms; ai = 6, a2 = 18, 
a3 = 36, 84 = 54, a 5 — ;i : 4 — 64.8 =+ the sequence is bounded from above by 64.8 


114. a n+ i > a n 


9_?_ 1 > 2 

Z n+1 2 n+1 — Z 


2 n 


2 y 1_J_ 

n+1 — 2 n +! 2” 


Hyyy > - 2ffr ; the steps are 
reversible so the sequence is nondecreasing; 2 — | ¿ < 2 =+ the sequence is bounded from above 


115. a n = 1 — j converges because 1 —» 0 by Example 1; also it is a nondecreasing sequence bounded above by 1 


116. a„ = n — i diverges because n —» 00 and ^ —> 0 by Example 1, so the sequence is unbounded 

117. a n = = 1 — y and 0 < ¿ j ; since 1 —> 0 (by Example 1) => ¿ —* 0, the sequence converges; also it is 

a nondecreasing sequence bounded above by 1 

118. a n = = (|) n — ; the sequence converges to 0 by Theorem 5, #4 

119. a n = ((—l) n + 1) (yy) diverges because a n = 0 for n odd, while for n even a n = 2(l + i) converges to 2; it 
diverges by definition of divergence 


120. x n = max ¡eos 1, eos 2, eos 3,... , eos n} and x n+ i = max ¡eos 1, eos 2, eos 3,... , eos (n + 1)} > x n with x n < 1 
so the sequence is nondecreasing and bounded above by 1 =>• the sequence converges. 

121 . a n > a n+ i V n + 1 + V2 n 2 + 2n > y/ñ + \]2 n 2 + 2n +> y /tí + 1 > y/ñ 

and 1 ~ yp* > \p2 ; thus the sequence is nonincreasing and bounded below by y/2 =>■ it converges 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 



576 Chapter 10 infinite Sequences and Series 

122. a n > a n+ i O > (n ^| ) 1 +1 <22 n 2 + 2n + 1 > n 2 + 2n -22 1 > 0 and > 1; thus the sequence is 
nonincreasing and bounded below by 1 =2 it converges 


123. ^ =4 +(|) n soa n >a n+1 <2 4 + (f) n > 4 + (|) n+1 O (f) n > (f) 


v n+1 


1 > | and 


4 + (|) n > 4; thus the sequence is nonincreasing and bounded below by 4 =2 it converges 


124. ai = 1, a 2 = 2 — 3, a 3 = 2(2 — 3) — 3 = 2 2 — (2 2 - 1) • 3, a 4 = 2 (2 2 - (2 2 - 1) • 3) - 3 = 2 3 - (2 3 - 1) 3, 
a 5 = 2 [2 3 - (2 3 - 1) 3] - 3 = 2 4 - (2 4 - 1) 3, ... , a n = 2 11 " 1 - (2"- 1 -1)3 = 2"- 1 - 3 • 2"- 1 + 3 
= 2 n-1 (l - 3) + 3 = -2 n + 3; a n > a n+1 o -2 n + 3 > -2 n+1 + 3 <22 -2 n > -2 n+1 <22 1 < 2 

so the sequence is nonincreasing but not bounded below and therefore diverges 


125. Let 0 < M < 1 and let N be an integer greater than -¡^j. Then n > N =2 n > =2 n — nM > M 

=2 n>M + nM =2 n> M(n + 1) =2 > M. 


126. Since Mi is a least upper bound and M 2 is an upper bound, Mi < M 2 . Since M 2 is a least upper bound and Mi 
is an upper bound, M 2 < Mi. We conclude that Mi = M 2 so the least upper bound is unique. 

127. The sequence a n = 1 + is the sequence ||. . This sequence is bounded above by |, 
but it clearly does not converge, by definition of convergence. 

128. Let L be the limit of the convergent sequence {a n }. Then by definition of convergence, for | there 
corresponds an N such that for all m and n, m > N =2 |a m — L| < | and n > N =2 |a n — L| < |. Now 
|a m - a n | = |a m - L + L — a n | < |a m - L| + |L - a n | < § + § = e whenever m > N and n > N. 

129. Given an e > 0, by definition of convergence there corresponds an N such that for all n > N, 

|Li — a n | < e and ¡L 2 - a n | < e. Now |L 2 - L 4 | = |L 2 - a n + a n - L 4 | < |L 2 - a n | + |a n - L 4 | < e + e = 2e. 

|Lo — Li | < 2e says that the difference between two fixed valúes is smaller than any positive number 2e. 

The only nonnegative number smaller than every positive number is 0, so |Li — L 2 1 =0 or Li = L 2 . 

130. Let k(n) and i(n) be two order-preserving functions whose domains are the set of positive integers and whose 
ranges are a subset of the positive integers. Consider the two subsequences ak(n) and a¡( n ), where ak(n) —> Li, 

ai( n ) —> L 2 and Li L 2 . Thus |ak(n) — a¡( n ) | —► |L 4 — L 2 | > 0. So there does not exist N such that for all m, n > N 
=2 |a m — a n | < e. So by Exercise 128, the sequence {a n } is not convergent and henee diverges. 

131. a 2 k —> L <22 given an e > 0 there corresponds an Ni such that [2k > Ni =2 ¡a 2 k — L| < e]. Similarly, 

a 2 k+i —L <22 [2k + 1 > N 2 =2 |a 2 k+i — L| < e]. Let N = max{Ni, N 2 }. Then n > N =2 |a n — L| < e whether 
n is even or odd, and henee a n —> L. 


132. Assume a n —> 0. This implies that given an e > 0 there corresponds an N such that n > N = 2 - |a n — 0| < e 

=2 |a n | < e =2 11a n 11 < e =2 ||a n | — 0| < e =2 |a n | -*■ 0. On the other hand, assume |a n | —> 0. This implies that 
given an e > 0 there corresponds an N such that for n > N, ||a n | — 0| < e =2 |¡a n || < e =2 |a n | < e 

=2 |a n — 0| < e =2 a n —* 0. 


133. (a) f(x) = x 2 — a =2 f'(x) = 2x 


x n+ i = x n 


xj-a 

2x„ 


2x 2 - ÍX 2 -£ 
v , _ \ A n c 

x n+l — 2x n 


x; + a 
2x n 


( x "+ 


(b) Xi = 2, x 2 = 1.75, x 3 = 1.732142857, x 4 = 1.73205081, x 5 = 1.732050808; we are finding the positive 
number where x 2 — 3 = 0; that is, where x 2 = 3, x > 0, or where x = y/3 . 
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134. x x = l,x 2 = 1 +cos(l) = 1.540302306, x 3 = 1.540302306 + eos (1 + eos (1)) = 1.570791601, 

X 4 = 1.570791601 + cos(l.570791601) = 1.570796327 = | to 9 decimal places. After a few steps, the 
are fx„ ¡) and line segment eos (x n _ 1 ) are nearly the same as the quarter circle. 

135-146. Example CAS Commands: 

Mathematica : (sequence functions may vary): 

Clearfa, n] 
a[n_]; = n 1/n 

first25= Table[N[aLn]],{n, 1,25}] 

Limit[a[n], n —» 8 ] 

Mathematica : (sequence functions may vary): 

Clearfa, n] 
a[n_]; = n 1/n 

first25= Table[N[a[n]],{n, 1,25}] 

Limitfafn], n —► 8 ] 

The last command (Limit) will not always work in Mathematica. You could also explore the limit by enlarging your table 
to more than the first 25 valúes. 

If you know the limit (1 in the above example), to determine how far to go to have all further terms within 0.01 of the 
limit, do the following. 

ClearfminN, lim] 
lim= 1 

Do[{diff=Abs[a[n] - lim], Iffdiff < .01, {minN= n, AbortL]}}}, {n, 2, 1000}} 
minN 

For sequences that are given recursively, the following code is suggested. The portion of the command a[n_]:=a[n] stores 
the elements of the sequence and helps to streamline computation. 

Clearfa, n] 
a[l]=l; 

afnj; = a[n]= afn - 1] + (l/5) (n - i;) 
first25= TablefNfafn]], fn, 1,25}] 

The limit command does not work in this case, but the limit can be observed as 1.25. 

ClearfminN, lim] 
lim= 1.25 

Dof{diff=Abs[a[n] - lim], Iffdiff < .01, fminN= n, Abortf]}]}, fn, 2, 1000}] 
minN 


10.2 INFINITE SERIES 


1. s 


n 


a(l — r °) 

<1 - r) 


zo-an 

f^TI) 


lim s n 

n —> oo 


1 ~(k) 


= 3 


_ a(l-r-) _ (!&,) (1 - (léo)-) 

O-r) - i-(i) 


lint s n 

1 —> 00 



jp 

n 


3. s n 


a(l - r”) _ 
d-r) - ! — (—}) 


lim s n 

1 —> OO 


1 



2 

3 


4. s n = ^ , a geometric series where |r| > 1 =>• divergence 


5. _I_ '_¡ 

(n + l)(n + 2) n + 1 n + 2 


= (I - I) + (I- ¿) + — + (ítH - ítH) 


1 

n + 2 


lim s n 

n —> oo 11 


1 

2 
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6- ^ = =* s n = (5-1) + (§-§) + (|-I) + -+tó-f) + (f- ¡ ^ T ) =5-^ 


n(n + 1) 


lim s n = 5 

n —> oo 


7. 1 — | + ^ — ^ + ... , the sumof this geometric series is ——i—yr = - 


- 1 ) " i + ü) “ 5 


TéS» 64 » 556 • • • , the sum of this geometric series is t (_ 16 ^ = ^ 


O 1 i 1 i i 

°* I 


9. | + -Tj + ^ + ... , the sum of this geometric series is 1 = | 


10. 5 — 5 + -¡^ — Jy + ... , the sum of this geometric series is - _ ^ = 4 


11. (5 + 1) + (| + |) + (| + |) + (| + ^) + ... , is the sum of two geometric series; the sum is 

_5_, i _ in i 3 _ 23 

1 - (I) + 1-0) - 1U+ 2 “ 2 

12. (5 — 1) + (| -* |) + (| — + (| — ^=¡) + ... , is the difference of two geometric series; the sum is 

T^T¡) ¡y - iu 2-2 

13. (1 + 1) + (f — i) + (f + + (| — jij) + ... , is the sum of two geometric series; the sum is 

_l 1 ^24-5-12 

1 -(I) + 1 + 0) ~ z+6 - 6 


14. 2+| + ^ + p^ + ... = 2 (l + | + ^ + j|j + ...) ; the sum of this geometric series is 2 


10 

3 


15. Series is geometric with r = 


< 1 => Converges to = 


16. Series is geometric with r = —3 => 



> 1 => Diverges 


17. Series is geometric with r 


< 1 => Converges to -¡-y-j- 

1 8 


1 

7 


18. Series is geometric with r = — | 


< 1 => Converges to y 


2 

5 


_ OO 

19. 0.23 = £ 

n=0 



23 

99 


20. 0.234 


234 , 

( J_y n - . 

f 234 ^ 

^1000 ) 

234 

1000 1 

Vio 3 / ~ j 

1 - (ira) 

— 999 


2i- 0 . 7 =£ 

n=0 



22. 0.d = ^ 

n=0 


(^,) r 



d 

9 


23. 0.06 = £ (¿) (A) (i)" 

n=0 



_6_ _ J_ 

90 — 15 


24. 


_ 00 

1.414 = 1 +£ 


n=0 


(414 V 

414 ij_\ n _ 1 , yioooj 
1000 Vio 3 / 1 "r" , _ ("i- \ 
1 V 1000 ) 


1 + m 

1 ^ 999 


1413 

999 
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25. 1. 


oo flM'l 

1 — 124 I V 123 ( J\ n _ 124 , V io 5 7 _ 124 , 123 

— 100 t i 0 5 tío 3 ; — ioo ' r , (j_\ ~ íoo “ r io 5 -io 2 

n=0 1 (10 3 ) 


_ 124 . 123 _ 123.999 _ 41,333 
— 100 + 99,900 — 99,900 — 33,300 


26. 3.142857 = 3 + £ 1^57 = 3 + 


' 142,857 ) 

k 10 6 ) 


_ o . 142.857 _ 3,142,854 _ 116,402 
— J + 10 6 _ i ~ 999,999 — 37,037 


27. lim = lim j = 1 ^ 0 => diverges 


28. lim , V — lim lr + n 


= lim 1^4 = lim i = 1 0 => diverges 


(n + 2)(n + 3) “ n 3 +5n + 6 “ ^ 2n + 5 


29. lim —= 0 => test inconclusive 

n—>oo n_t_4 


30. lim = lim 7- = 0 =>■ test inconclusive 

n—>oo n ' + 3 n—>oo 2n 


31. lim eos - = cosO = 1 A 0 =>• diverges 

n— kx> n 

32. lim ^ = lim i ¡^ T = lim f = lim { = 1 / 0 => diverges 


33. lim ln 4 = —oo A 0 =>■ diverges 


34. lim eos n 7 T = does not exist => diverges 


35. S k - (l - i) + (i - i) + (i - i) + ... + (J7TT - e) + (e - k+r) - 1 ~ k^I k 1 ™ 0 S k 
= k lim (l — ¡—fy) = 1 , series converges to 1 


36. s k - (f - l) + (| «■ |) + (| - + ... + ((¡^TF p) + (i? “ (kTT] 1 ) 


= 3 - 


(7T7f => * 


= lim 3 — 

k —> 00 V (k + 1 


^3 — a _ j 2 1 <2 ) = 3, series converges to 3 


37. s k = (\n \/2- ln/l) + (lny^ - lny/ 2 ) + (lny/í - ]ny/íj + ... + (lny/k - Inv/k - l) + (lni/kT 1 - ln^k) 

= ln ^k + 1 — 1 n\/T = lny/k + 1 => lim s k = lim lny/k + 1 = 00 ; series diverges 

k —► 00 k —> 00 

38. s k = (tan 1 — tanO) + (tan 2 — tan 1) + (tan 3 — tan2) + ... + (tank — tan (k — 1)) + (tan (k + 1) — tank) 

= tan (k + 1 ) — tan 0 = tan (k + 1 ) =>■ lim sk = lim tan (k + 1 ) = does not exist; series diverges 

k —> 00 k —> 00 


39. s k = (eos ‘(i) -eos 1 (j)) + (cos '(i)-eos 1 (i)) + (cos '(4)-eos 1 (i))+... 
+ (eos " 1 (i) -cos- 1 ^)) + (eos - 1 -cos"^^)) = f -cos" 1 ^) 


lim s k = lim 

k —>00 k^oo L 


f- cos ‘(¡rb) 


= | | series converges to | 


40. s k = 


4) + [\/l- V^) + [\/l — \/ó) + ... + (Vk + 3- y/k + 2) + (Vk + 4- y/k + 3) 

= 00 ; series diverges 


= y/k + 4 — 2 => lim s k = lim y/k + 4 — 2 

k —> 00 k —» 00 1 
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41. 


(4n — 3)(4n + 1) 
+ ( 4k — 3 


: S k =(l-D + G-|) + a-Á)+-+(4k^-4^3 

4kTl) = 1 - 4kTT =* Ji™ s k = Jim (i ^ 4kTl) = 1 


) 


42. 


B _ A(2n + 1) + B(2n - 1) 
2 n +1 ( 2 n — l)( 2 n + 1 ) 


A(2n + 1) + B(2n - 1 ) = 6 =*► (2A + 2B)n + (A - B) 

k k 


( 2 n - l)( 2 n + 1 ) 2 n - 1 

2A + 2B = 0 J A + B = 0 0A ^ A ~ , R ~ u ^_ 

A- B = 6 ^\A-B = 6 ^ 2A = 6 ^ A = 3andB = _3 - Hence ’g^ 

1 I 1 


l)( 2 n + 1 ) 


= 3E(Al 


n=l 


= 3(1-1 
1‘” 3 ( ] - SíVt) = 3 


l_lll_l. _ _ 

3 1 3 S T S 7 ' ■ ■ ■ 2(k - 1) + 1 2k - 1 


1 

2 k+ 1 


) — ^ ( Í 2k + 1) 


the sum is 


43. 


40n 


A(2n—l)(2n+l ) 2 + B(2n+1 ) 2 + C(2n+l)(2n-l ) 2 + D(2n-1 ) 2 


( 2 n—l) 2 ( 2 n+l ) 2 — ( 2 n-l) ~ ( 2 n-l ) 2 ~ (2n+l) ' ( 2 n+l ) 2 — ( 2 n-B 2 ( 2 n+l ) 2 

=> A(2n - l)(2n + l ) 2 + B(2n + l ) 2 + C(2n + l)(2n - l ) 2 + D(2n - l ) 2 = 40n 
=4> A ( 8 n 3 + 4n 2 - 2n - 1) + B (4n 2 + 4n + 1) + C ( 8 n 3 - 4n 2 - 2n + 1) = D (4n 2 - 4n + 1) = 40n 
=> ( 8 A + 8 C)n 3 + (4A + 4B - 4C + 4D)n 2 + (-2A + 4B - 2C - 4D)n + (-A + B + C + D) = 40n 
( 8 A + 8 C= 0 ( 8 A + 8 C= 0 


4A + 4B - 4C + 4D = 0 
-2A + 4B - 2C - 4D = 40 
-A+ B + C+ D = 0 


and D = — 5 


A + C = 0 
—A + 5+ C — 5 = 0 


A + B-C+ D= 0 ^ 
-A + 2B - C - 2D = 20 ^ 
—A + B + C+ D = 0 

k 

=> C = 0 and A = 0. Henee, £ 


B + D = 0 

2B — 2D = 20 


40n 


k 

= 5£ 

n=l L 


1 


( 2 n—l ) 2 ( 2 n+l ) 2 


= 5 


(l - 1 + I 

( 1 9 ' 9 


A + A. 

25 ~ 25 


1 


+ 


( 2 n— 1 ) 2 ( 2 n+l ) 2 
1 1 


( 2 (k— 1 )+ 1) 2 ' Í 2 k—l ) 2 ( 2 k+l ) 2 


= 5 


(i ( 2 k+l) 2 ) 


the sum is lim 5 1 

n —> oo 


(i ( 2 k+n 2 ) 


= 5 


4B = 20 


44 + l __ i _ i 

n 2 (n+l ) 2 n 2 (n + l ) 2 


45. S k = 


c — > oo 

k —> oo 

(l_ Jj 

) + ( J_ 

V 1 y/2. 

) + Va/2 

lim Se 

= lim 

c — > oo 

k — > oo 


* * = (i-*) + G-l) + G-¿) + - + 

1 _ (k+ l ) 2 I = 1 


1 

1 

+ 

1 

1 

[(k- l ) 2 

k 2 

k 2 

(k + l ) 2 


= 1 


46. s k - (i - 2 ^ 2 ) + ( 2 h “ J 3 ) + (Jn? - Ji) + ••• + (wJti " 2 ^) + (Ji _ 2 W 1 ) - I _ 2 W) 

=> lim s k =i — i = — f 

k —> oo 2 1 2 

47. S k = (iñ "2 ) A (J 4 ¡ñ ~3 ) A (iñ "4 ) A ... A ^ ln(k + 1 ) ~ ¡ñk) + (ln(k + 2 ) ~ ln(k+ 1 )) 


¡n2 + ElkTA =* S k = ^ iJ 


48. s k = [tan 1 (1) — tan 1 (2)] + [tan 1 (2) — tan 1 (3)] + ... + [tan 1 (k — 1) — tan 1 (k)] 

+ [tan -1 (k) — tan -1 (k + 1)1 = tan -1 (1) — tan -1 (k + 1) => lim s k = tan -1 (1) — | = J — f = — f 

k -> OO 2 4 Z 4 


49. convergent geometric series with sum -— J~T^ = \ = 2 + \Jl 


h\ 

50. divergent geometric series with |r| = \/l >1 51. convergent geometric series with sum —^fi 


6 


2 n + 1 


B = 5 
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52. n lim^ (—l) n+1 n 0 => diverges 


53. lim cos(n7r) = lim (—l) n ^0 diverges 

n ^ oo n —n» ' 


54. cos(n7r) = (—l) n => convergent geometric series with sum 


1 _ 5 

B) ” 5 


55. convergent geometric series with sum 


1 _ e ¿ 

. ~ e 2 -i 


56. n Um o In ^ = — oo / 0 =>■ diverges 


57. convergent geometric series with sum -—Er — 2 = y — y = | 


58. convergent geometric series with sum -—-yp- = 


59. difference of two geometric series with sum —Er-Vv = 3 — I = 

1 (0 1 (0 

60. lim (l — -) n = lim (l + —) n = e _1 ^ 0 => diverges 

n —> oo ' n/ n —> oo ' n / ' & 


6L JÍPoo i» = OO 0 => diverges 


62. lim Sy = lim > lim n = oo 

n —> oo ni n —> oo i-^ -n n —> oo 


diverges 


OO OO OO 


63. E B 3 ” = Ef+E|i=E ü) n + E Q) n ; both = E G)“ and E (?) n are geometric series, and both converge 

n=l n=l n=l n=l n=l n=l n=l 

OO 1 OO 3 

since r = \ => \ < 1 and r = \ =>• \ <1, respectivley => ]T (i)" : f = 1 and £ (!)" = jfr = 3 => 

n=l 2 n=l 4 


E 2n 4 + 3 " = 1 + 3 = 4 by Theorem 8, part (1) 


64. lim T5-J4; = lim jl + ) = lim Win- ! = } = 1 ^ 0 => diverges by n th term test for divergence 

n— >oo n —>oo 4 $ + 1 n— >00 ( 4 ) +1 1 


ar+i _ 1 


65. E ln (¡rfr) = E pn(n) - ln(n + 1)] =► s k = [ln(l) - ln (2)] + [ln (2) - ln (3)] + [ln(3) - ln (4)] + 

n=l n=l 

+ [ln (k — 1) — ln (k)] + [ln (k) — ln (k + 1)] = — ln (k + 1) => lim s^ = ^oo, => diverges 

k —> oo 

66 - a n = ln ( 5 ^) = ln (i) ¿ 0 =► diverges 

67. convergent geometric series with sum 1 _lex = 


68. divergent geometric series with |r| = % 


^ 23.141 ^ 1 
7r e ~ 22.459 ^ 1 


69. (~l) n x n = x ) n > a — 1» r = —x; converges to t _|_ x) = for |x| < 1 

n=0 n=0 


70. (— l) n x 2n = {— x 2 ) n ; a = 1, r = —x 2 ; converges to for |x| < 1 
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71. a = 3, r = ; converges to - ~ T^x f° r ~' < X ^ 1 <lor— l<x<3 


72. E Gr {jtstS = £ l (r+7b) n ; a = 5 > r = 3 +üb; converges to 

n=0 n=0 y 3 + sin x 

= ,. 3 .f_ sin x . = 3 + Sltl x for all x (since h < t— f— < 1 for all x) 

2(4 + sin x) 8 + 2 sin x V 4 — 3 + sin x — 2 / 

73. a = 1, r = 2x; converges to l _ : 2x for |2x| < 1 or |x¡ < 2 

74. a = 1, r = — ; converges to -—= ¿Er for | ¿| < 1 or |x| > 1. 

75. a = 1, r = —(x + l) n ; converges to t + ^ for |x + 1| < 1 or —2 < x < 0 

76. a = 1, r = Ep • converges to - — A_ x \ = El f° r | AE |<lorl<x<5 


77. a = 1, r = sin x; converges to yE— for x E (2k + 1) |, k an integer 


78. a = 1, r = ln x; converges to { _ 1 ln for |ln x| < 1 or e 1 < x < e 


79. (a) E 


(n + 4)(n + 5) 


(b) E 


(n + 2)(n + 3) 


(c) E (n — 3)(n — 2) 
n=5 


80. (a) E ntnf 


(n + 2)(n + 3) 


(b) E 


(n — 2 )(n — 1 ) 


(c) E 


(n- 19)(n- 18) 


81. (a) one example isi + y + | + ^+ ... 


(b) one example is — § — | — § — ^ — ... 


(c) one example isl — ^ ^ ^ — 


= i - EE = o. 


82. The series E k(y) n+ ' is a geometric series whose sum is ^7¿_-= k where k can be any positive or negative number. 


OO OO OO OO / \ oo 

83. Let a n = b n = (l) n . Then ¿ a „ = E b n = E Q)" = 1, while E ( ¡r) = E C 1 ) diverges. 

n=l n=l n=l n=l ^ n=l 


OO OO OO 


84. Let a n = b„ = (2) n . Then E a„ = E b „ = E G)” = 1, while E (a n b„) = E Q)" = | E AB. 


n=l n=l n=l 


OO OO OO / \ oo 

85. Let a n = (y) n and b n = (1)". Then A = E a n = ( , B = ¿ b n = 1 and E (b I )=E G)" = 1 E I • 

n=l n=l n=l ' n=l 


5. Yes: E (£ j diverges. The reasoning: E a n converges =>• a n —> 0 


E diverges by 1 


nth-Term Test. 
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87. Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms from a series 
that diverges does not change the divergence of the series. 

88 . Let A n = ai + a 2 + •.. + a n and lim A n = A. Assume Y ( a n + bn) converges to S. Let 


Sn — (ai + bi) + (a 2 + b 2 ) + ... + (a n + b n ) => S n — (ai + a 2 + ... + a n ) + (bi + bo + ... + b n ) 
=> bi + b 2 + ... + b„ = S n - A n => n lim^ (bi + b 2 + ... + b n ) = S - A => Y bn converges, 
contradicts the assumption that Y b n diverges; therefore, Y ( a n + b n ) diverges. 


89. (a) ¿=5 => | = 1 -r => r = |; 2 + 2 (|) + 2 (¡ ) 2 + ... 

(b) M = 5 => = = (¿) + H 


+ ... 


90. 1 + e b + e 2b + ... = = 9 => \ = 1 - e b 


p b _ 8 

C — O 


b = ln(|) 


91. s n = 1 + 2r + r 2 + 2r* + r 4 + 2r 5 + ... + r 2n + 2r 2n+1 , n = 0, 1, ... 

=> s n = (1 + r 2 + r 4 + ... + r 2n ) + ( 2 r + 2 r 3 + 2 r 5 + ... + 2 r 2n+1 ) =>• s n = ^ + jK 

+ 2r 
1 — r 2 


i± 2 í,if |r 2 | < 1 or | r I < 1 


92. L - s n = -= jsA 

11 1 — r 1 — r 1 —r 


93. area = 2 2 + 


(^) 2 +d) 2 + (^) 2 + ... = 


94. (a) L, = 3, L, = 3 (1), L S = 3 (l ) 2 .L, = 3 (|)-' => ^ L. = ^ 3 (|)— = oo 

(b) Using the fact that the area of an equilateral triangle of side length s is ^s 2 ,we see that Ai = 


2 - A i + 3 ( 2 r) Ü) 2 - t + tI > A 3 - a 2 + 3(4)(^0 (y?) 2 - ^ + íí + -2T > 

4 = a 3 + 3(4)" ) ( 53 ) , A 5 = A 4 + 3(4 ) 3 (jj) ,. . ., 

- = ^ + t 3(4) k ~ 2 (f) (¿) k_1 = f + ± 3\/3(4) k ~ 3 (|) kl = &+3V3(±lg). 

k=2 V 7 k=2 \k=2 / 


n —> oo 11 n —>00 \ 4 r u V u l Z-/ 9 k ‘ 

' \k=2 


lim A„ = lim (# + 3 ^( 1 : - =>^+3v / 3( A ) =#(l + |) 

_ 8 


= f(l) = f A 


10.3 THE INTEGRAL TEST 


r»oo /"»b 

1 . f(x) = ^ is positive, continuous, and decreasing for x > 1 ; ^ dx = b li m ¿ dx 

J »cso OO 

\ dx converges =>• Y ¿ converges 

1 X .. i 11 


= lim 

b —> oo 1 


2 . f(x) — J ¡2 is positive, continuous, and decreasing for x > 1 ; f ¿ dx = ^ lim f j, 2 dx — ^ lim 


5„0.8 

4 X 


/ »CSO OO 

t ¿2 dx diverges =4> X] ¿ diverges 


n=l 
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3. f(x) = -E-q is positive, continuous, and decreasing for x > 1; I -4^ dx = lim I 2 ‘ . dx = lim 

x+ 4 ./ix+4 b^t» Jl ‘ b —> oo L 


/•eso pb 

-TT ~.r dx = lim / 

1 x 2 + 4 b^OO Jl 

/*oc OO 

, jpq dx converges => E pq converges 


|tan 


n=l 


4. f(x) = —br is positive, continuous, and decreasing for x > 1; í 1 , dx = lim f 1 . dx = lim 

W x + 4 F 6 - Ji x + 4 b^oo Ji x + 4 b ^oo L 


ln|x + 4| 


r°° i 00 i 

= ^lim (ln|b + 4\ — ln5) = oo => J í x _|_ 4 dx diverges =>■ E ¡yE diverges 


-2x - 


poo 

I e~ 2x dx = lim 

r>b 

I e _2x dx = lim 

Ei e - 2x ' 

'' 1 b — > (X) ' 

' 1 b — > oo 

2 


noc oo 

= ^lim ( — ¿b + ¿ 2 ) = ¿2 => J 1 e _2x dx converges => J^e _2n converges 


n —1 


J»oo pb 

1 2 dx = lim I —- 

x _ 2 x(lnx) h_ > rv*> *-'2 x(ln 


(ln 


b —> oo J 2 x ( ln 


dx = lim 

b —> oo L 


1 

lnx 


J»oo OO 

2 «fe* dX COnVer g £S =* £ «fe? C0I1VergeS 


7. f(x) — is positive and continuous for x > 1, f '(x) = ( \ < 0 for x > 2, thus f is decreasing for x > 3; 


J »oo pb 

-tjt dx = lim -^-dx= lim ±ln(x 2 +4) 

3 X- + 4 b —* OO " 3 X 2 4- 4 h^nr> 2 V ’ 


b —> oo l z 
n _ 1 _i_ 2 


3 = b 1101 ^ QMb 2 +4) - jln(13)) = oo =► J¡ ^ dx 


diverges E ^diverges => E EE = 3 + ! + E Eqi diverges 

n—3 n—1 n=3 


8 . f(x) = is positive and continuous for x > 2 , f '(x) = 2 ^ x2 < 0 for x > e, thus f is decreasing for x > 3; 
ínjP hy¿ ¿ x _ Yim Í 2 (lnx)l = lim ( 2 (lnb) — 2(ln3)) = oo => f 3 lj j- dx 


b —> oo J 3 

1 ln n 2 j- 


b —> oo L J 3 b ^ 00 

-7 00 T 

* lnn z _ ln4 . lnn z 


diverges => diverges => ^2 ^ „ diverges 

n=3 n=2 n—3 


9. f(x) = is positive and continuous for x > 1, f'(x) = E /3 6) < 0 for x > 6 , thus f is decreasing for x > 7; 


J »CSO r, p b 

4 ti dx = lim I 4“ 

^ e / b^oo J 7 eV 


dx = lim 

b —> oo L 


3x 2 18x 54 

1x73 ~x/3 ~x/3 


= lim 

7 b —> 00 


( 


-3b 2 -18b-54 , 327 


") 


= lim 

b —> oo 


( ~ 6 e b /3 18) ) + % = , lim (^f) + fri = % => X J 73 dx converges => E ^converges 

\ / V > OO n =7 


=> Ej73 = ^3+^3+? + ¿l + H + f+Ej73 converges 


n=l 


10. f(x) = x iX 2 x +1 = (* 1)2 is continuous for x > 2, f is positive for x > 4, and f '(x) = J x 3 < O for x > 7, thus f is 


X o° 

x ~ 4 : dx = lim 

• (X — 1) h —» r 


= lim 

b — > oo L 


8 ( x — 1) b —> oo 

b 


dx - fso^W dx 


= lim 

b —> oo 


T— dx - P 3 
Js x 1 UA Js (x-iy 


dx 


ln|x — 1| + jpj = lim (ln|b — 1| + Erp — ln7 — |)=oo=> f ífTfp dx diverges 

A 1 J 8 b^oo Jíí IX-lj 


E n 2 — 2n + 1 diverges =► E n 2 - 2 n 4 +i =^ 2 -?+°+¿ + l + á+ E n 2 - 2 n 4 +i diverges 

n=8 n=2 n=8 


11. converges; a geometric series with r — ' < I 12. converges; a geometric series with r = ^ < 1 

13. diverges; by the nth-Term Test for Divergence, n lim^ Eq — I / O 
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14. diverges by the Integral Test; j dx = 5 ln (n + 1) - 5 ln 2 => j - | ( dx —* oo 


15. diverges; ^ — 3 ~r ~> which is a divergent p-series (p = |) 

n=l v n=l v 


16. converges; Y2 — j- — —2 , which is a convergent p-series (p = |) 

n=l * n=l 


17. converges; a geometric series with r = | < 1 


18. diverges;^ = — 8 ^ £ and since ^ diverges, —8 Y2 ¿ diverges 


r* n noc 

19. diverges by the Integral Test: J 2 dx = | (ln 2 n — ln 2) =>- J 2 ^ dx —> oo 


I" t = ln x 

20. diverges by the Integral Test: dx; dt = * 

dx = e* dt_ 

= lint Í 2 e b / 2 (b - 2 ) - 2 e( ln2) / 2 (ln 2 - 2)1 = oo 
b —> oo L J 


f te '/ 2 dt = lim Í2te '/ 2 — 4e'/ 2 ]' 

Jln2 h ™ L J 1 


21 . converges; a geometric series with r = J < 1 


22 . diverges; lim 25 =^ = lim = 1 ™ (rl) (I)" — 00 ^ O 

° n^oo 4" + 3 n — > oo 4 n ln 4 nmoo'ln4/V4/' ' 


23. diverges; Y2 = ~2 , which diverges by the Integral Test 


r n 

24. diverges by the Integral Test: J 2x _ { = \ ln(2n —1) —► ooasn —> oo 

25. diverges; lim a n = lim -^r = lim 2 °! n3 = oo O 

0 n —> oo n ^ oo n +1 n ^ oo i ' 


pn U — yjx + 1 ry/ñ+l 

26. diverges by the Integral Test: J i ^ ( ^ +l) ; du = - J 2 


U — + 1 ns/a+l 

du — dx ->J 2 f =ln(yh+l) -ln 2 ^ ooasn 


27. diverges; lim ^ = lim = lim ^ = oo / O 

D n m oo ni n n m oo f 1 ] n m oo 4 ' 


28. diverges; lim a n = lim (l + i) n = e 4¿0 

29. diverges; a geometric series with r = T « 1.44 > 1 


30. converges; a geometric series with r = yyy ss 0.91 < 1 


converges by the Integral Test: 


(j¡j u = ln x 

3 (ln x) V(ln x) 2 - 1 ^ X ’ du = - dx 


r°° i 

din3 u\/u 2 — 1 
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= lim [sec 1 |u|], , = lim [sec 1 b — sec 1 (ln 3)] = lim [eos 1 (M — sec 1 (ln 3)1 

b —> oo b —> oo b —> oo L J 

= eos 1 (0) - sec' 1 (ln 3) = § - sec' 1 (ln 3) « 1.1439 


/ •oo r»oo J i ) 

, x(l+l^x) dX - J TTOnx) 1 dX ' 

= lim [tan' 1 u]¡¡ = lim (tan' 1 b — tan' 1 0) = | — O = | 


b —» oo 


b —> oo 


u = ln x 
du = - dx 


33. diverges by the nth-Term Test for divergence; n lim^ nsinQ) = n lim o S1 °^ = lirn^ = 1^0 

1 — ■' ( i 1 

34. diverges by the nth-Term Test for divergence; n lirn^ n tan ( 2 ) = n lim^ ^ 

— lim sec 2 (-) = sec 2 O = 1 ^ O 

n —> oo Vn/ < 


J »oo 

O l+ü 1 dU 


lim 

n —> oo 


roo x 

35. converges by the Integral Test: J 1 _[ e2 , dx; 


r°° x 

/ e Hy* 

u — e x 

Jl l+e^ ax - 

du = e x dx 


= lim (tan 1 b — tan 1 e) = 5 — tan 1 e « 0.35 

b —> oo 1 ’ 2 


f 00 ? 

36. converges by the Integral Test: J ] ^ dx: 


u = e x 
du = e x dx 
dx = 1 du 


J '°° 1 1 t 

tt —2 du = lim ítan _1 ul 

e 1 + u 2 n —> OO L J É 


Je uO^Fu) dU = fe (ü-utl) dU 


= [2 ln ü+t] e = b 1 ™» 2 ln (b+r) - 2 ln (fÍt) = 2 ln 1 - 2 ln (^) = -2 ln (^) « 0.63 


r°° o —i 

37. converges by the Integral Test: J 8 1 ta ^ x2 x dx; 

noo 

38. diverges by the Integral Test: J dx; 


du =TT7 2 J 


£,4 8u du = [4u 2 ] = 4 (^ - ^) 


37T 2 

4 


U = X 2 + 1 

du = 2x dx 


r°° j h 

J 2 4 '='™ [2 ln a L= 5 (ln b — ln 2 ) 


39 


/ ■oo r b X .ib 

sech x dx = 2 lim I ——-y dx = 2 lim [tan” 1 e x ]. 

1 b —> 00 ** 1 1 + ( e / h —>00 


b —> 00 


= 2 lim (tan 1 e b — tan 1 e) = 7t — 2 tan 1 e « 0.71 

b —> 00 


noo n b ^ 

40. converges by the Integral Test: I sech 2 x dx — lim I sech 2 x dx = lim [tanh x], = lim (tanh b — tanh 1) 

J1 b —> oo ^ 1 b —> oo b —>00 

= 1 - tanh 1 « 0.76 


4L f (tti — x+4) dx = b 1 ™^ ( aln l x + 2 I - ln l x + 4 I] 1 = b 1 ! 11 ^ ln - ln (f); 

the series converges to ln (|) if a = 1 and diverges to 00 if 


lim = a lim (b + 2) 3 ' 1 = { °°’ a > ] 

I 1, a = 1 


b —» 00 b + 4 b —> oo 

a > 1. If a < 1, the terms of the series eventually become negative and the Integral Test does not apply. From 
that point on, however, the series behaves like a negative múltiple of the harmonic series, and so it diverges. 


42 


• r)dx= lim 

J 3 VX-I X+l/ K —> nr 


ln 

x- 1 

111 

(x+ l) 2a 


= b 1 !™ ln Aw - ln (¿) ; lim 


- b bm oo 2a(b4 1 lP- 


F a = 2 
00 , a < 2 


J3 b^oo ID+1 > w '’ b^oo 

the series converges to ln (|) = ln 2 if a = 2 and diverges to 00 if 
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ifa< i. Ifa >1 , the terms of the series eventually become negative and the Integral Test does not apply. 

From that point on, however, the series behaves like a negative múltiple of the harmonio series, and so it diverges. 




(b) There are (13)(365)(24)(60)(60) (10 9 ) seconds in 13 billion years; by part (a) s„ < 1 + ln n where 
n = (13)(365)(24)(60)(60) (10 9 ) => s„ < 1 + ln ((13)(365)(24)(60)(60) (10 9 )) 

= 1 +ln(13) + ln(365) + ln(24) + 21n(60) + 91n(10) «41.55 

OO OO OO 

44. No, because Y ¿ ^ i and Y j diverges 


45. Yes. If Y a n is a divergent series of positive numbers, then (1) Y a n = Y ( 9 1 ) a l so diverges and I 1 < a n . 

n=l n=l n=l 

oo 

There is no “smallest" divergent series of positive numbers: for any divergent series Y a n of positive numbers 

n=l 

oo 

Y (l 5 ) h as smaller terms and still diverges. 


46. No, if Y a n is a convergent series of positive numbers, then 2 Y a n — Y 2a n also converges, and 2a n > a n . 

n=l n=l n=l 

There is no “largest" convergent series of positive numbers. 

47. (a) Both integráis can represent the area under the curve f(x) = 1 , and the sum S 50 can be considered an 


approximation of either integral using rectangles with Ax = 1. The sum S 50 = Y 


is an overestimate of the 


f51 

integral J | ^ | dx. The sum S50 represents a left-hand sum (that is, the we are choosing the left-hand endpoint of 

each subinterval for c¡) and because f is a decreasing function, the valué of f is a máximum at the left-hand endpoint of 

n51 50 

each sub interval. The area of each rectangle overestimates the trae area, thus J , == dx < Y / 1 , , ■ ' n a similar 


n50 

manner, S50 underestimates the integral J o ^ + - dx. In this case, the sum S50 represents a right-hand sum and because 
f is a decreasing function, the valué of f is aminimum at the right-hand endpoint of each subinterval. The area of each 


rectangle underestimates the true area, thus Y 

-1 

| 2 Vx+ 1 51 = 2\Í52 - 2^/2 « 11.6 and £ 


r¡ 0 n 51 

< J o -y=jdx. Evaluating the integráis we find ^ + | dx 
2\J x + l] 50 = 2a/ 5T - 2-v/i « 12.3. Thus, 


\/n+ 1 Jo y/x +1 


. 1 dx = 

0 \/x+ 1 


11.6 < Y / ' , < 12.3. 

n=l '^+ I 


(b) s n > 1000 f" 
=>n> 251415. 


\/x+~l 


dx = 


2\J x + 1 nM = 2\f n + 1 -2y/l > 1000 =^n> ^500 + 2^/2)"- 


251414.2 
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30 

48. (a) Since we are using S30 = E ¿ to estímate E the error is given by E . We can consider this sum as an estímate 

n=l 


of the area under the curve f(x) = when x > 30 using rectangles with Ax = 1 and c, is the right-hand endpoint of 
each subinterval. Since f is a decreasing function, the valué of f is a mínimum at the right-hand endpoint of each 


00 r°° r b 

subinterval, thus V -4 < / -4dx = lim I -4-dx = lim 

n t?i n j3 ° x x b^oo 

Thus the error < 1.23 x 10~ 5 . 


1 

" 3x 3 


= lim ( — 3^3 + 

J 30 b—>oo V 


3b 3 _r 3(3Q) 3 


1.23 x 10 


,-5 


(b) We want S - s„ < 0.000001 f°° -4dx < 0.000001 => f°° -^dx = lim f ^dx = lim 

Jn X Un X b^oo"'” b—>QO L 


I 

" 3x 3 


= lim (-3Í3 + ¿) = ¿ < 0.000001 =» n > n 3 / 

b —>00 V 


1000000 


69.336 => n > 70. 


J »00 nOO nb q b 

4dx < 0.01 => / idx = lim I 4dx = lim — y 

“ X Un X b^00 Jn X b—>0O L /X 'Jn b—>00 

8 

= ¿ < 0.01 =>• n > \/50 « 7.071 =>n>8^S«s 8 = E¿« 1.195 


= 1 ™. (-¿ + ¿) 


J »00 r» b 1 b 

-d-rdx < 0.1 => lim I -d—7dx = lim 2tan _1 (f) 

“ x + 4 b—>oo^ n x + 4 b— >00 i 2 V2/ J„ 

= lim (^tan -1 (3) — ltan~' (?)) — f — Itan -1 (§) < 0.1 => n > 2tan(| — 0.2) « 9.867 => n > 10 =>■ S « S10 

b— >00 

10 

= E^«0.57 


J »oo poo nb 

4 rdx < 0.00001 => I 4 rdx = lim / 4 r 

n x Un X b^OO J “ X 


dx = lim 


10 


b— >00 L J n b— >00 


- lim + 4° 1 

— nm ^ gor i- ñor ) 


= < 0.00001 => n > IOOOOOO 10 => n > 10' 


,60 


52. S 


s n < 0.01 =4- f 1 , 3 dx < 0.01 => f 1 3 dx = lim í —- 

Ja x(lnx) Ja x(lnx) h—x(ln 


(lnx ) 3 


jdx = lim 

x(lnx) b —>oo L 


1 b 


2(ln x)‘ 


b*xx> ( 2(lnb) 2 2(lnn) 2 ) 


2(lnn) 


< 


0.01 => n > eV5ó « 1177.405 => n > 1178 


53. Let A n = E a k and B n = E 2 k a( 2 t), where {a^} is a nonincreasing sequence of positive terms converging to 

k=l k=l 

0. Note that {A n } and {B n ¡ are nondecreasing sequences of positive terms. Now, 

B n = 2&2 + 4a4 + 8as + ... + 2 n a(2 n ) — 2a2 + (2a4 + 2a4) + (2as H - 2as + 2as + 2as) + ... 

+ (2a(2«) + 2a(2n) + ... 4- 2a^2 n )) ^ 2ai + 2a2 + (2a3 + 2a4) + (2as -h 2a§ + 2a7 + 2as) + ... 

V- v -/ 

2 n_1 terms 

00 

+ (2a( 2 »-i) + 2a( 2 «-i + i) + ... + 2a( 2 nj) = 2A( 2 nj < 2 E a k- Therefore if E a k converges, 

k=l 

then {B n } is bounded above => E 2 1 ''a l2 > l converges. Conversely, 

OO 

A n — &i H - (a 2 + a3) -f- (a 4 + a5 + ag + ay) + ... + a n < ai + 2a2 + 4a4 + ... + 2 n a^2 n ) — ai + B n < a i + 2 k a( 2 k). 

k=l 

00 

Therefore, if ^ 2 k a (2 k ;i converges, then {A n } is bounded above and henee converges. 

k=l 


54. (a) a( 2 n) — 2 „ ln(2n) — 2 n. n(ln2) 

OO 

=» E ¡nb diverges. 


E 2 n a (2 n) = E 2 n 25^2] = ET 2 E n . which diverges 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 



Section 10.3 The Integral Test 589 


(b) a (2 n) = ¿ =>■ E 2 n a (2 n) = E 2 " ' Fp = E ffft = E (iM"’ a geometric series that 

n=l n=l n=l 1 ' n=l 

converges if < 1 or p > 1, but diverges if p < 1. 


55 


• & X 


dx 


2 x(ln x)P 


u = ln x 


du = 


dx 


J »oo 

ir 

ln2 


p du = lim 


-p+1 


— lim 


(lép) [b- p+1 - (ln 2)- p+1 ] 


= J p-i 


-i T (ln2)- p+1 ,p> 1 


uní i i — 11111 

b —► (X) L _P+1 Jta2 b —> 00 

the improper integral converges if p > 1 and diverges if p < 1. 

p < r 

í*°° j 

For p = 1: = u lim [ln (ln x)] \ = u lim [ln (ln b) — ln (ln 2)] = oo, so the improper integral diverges if 

p = i. 


oo, p < 1 


(b) Since the series and the integral converge or diverge together, E Hñnñip conver g es if and °nly if p > 1. 


56. (a) p = 1 => the series diverges 

(b) p = 1.01 => the series converges 

OO OO 

(c) E i«bl = 5 D ñllnñ) ’ P ~ 1 => & e series diverges 

n=2 n=2 

(d) p = 3 => the series converges 

pn+1 

57. (a) From Fig. 10.11 (a) in the text with f(x) = 1 and ak = ¡i, we have J ldx<l + l + | + ...+i 

< 1 + J"f(x) dx => ln (n + 1) < 1 + \ + ¿ + ... + i < 1 + ln n =>• 0 < ln (n + 1) - ln n 

< (l + 1 + 1 + ... +j) — ln n < 1. Therefore the sequence {(l + \ + 5 + • • • + — ln n} is bounded above by 

1 and below by 0. 

(b) From the graph in Fig. 10.11 (b) with f(x) = - , Er < f ~ dx = ln (n + 1) — ln n 

=> 0 > jd-¡- — [ln(n + 1) — ln n] = (l + \ + y + ... + ¡^y — ln(n + 1)) — (l + ^ + | + ... + f — ln n) . 

If we define a n = l + | = | + f— lnn, then 0 > a n+ i — a n => a n+ i < a n =>• {a n } is a decreasing sequence of 
nonnegative terms. 


58. 


e < e x forx > 1, and f e x dx = lim í—e x l, = lim (—e b 
- - di b —> oo 1 J1 b^oo V 

OO 2 OO 2 

the Comparison Test for improper integráis => E e ~ n = 1 + E e_n 

n=0 n=l 


i \ p°° 2 

+ e~ 1 )=e~ 1 => J e~ x dx converges by 
converges by the Integral Test. 


10 


59. (a) sjo = E ¿ = 1.97531986; P T dx = lim f x 

^ n a 11 x h^oo'-'n 


r°° i 

| -4 dx = lim 

J io x b -> oc 


f x 3 dx = lim 

>11 

^ 10 b —> OO 

L z J 


OO * 

b 


3 dx = lim 

b —l OO L 


= b 1 l m ooF2P + 232) = 232 and 


1.97531986 + ^ < s < 1.97531986 


i 

200 


- lim - J_ 

— b 4; ^ V 2b 2 ' 200) ~ 200 
1.20166 < s < 1.20253 


(b) s = E ¿ ~ L20166 2 L20253 = 1-202095; error < ‘- 20253 ; L2 °i 66 = 0.000435 


10 r* oc r* b 

60. (a) s 10 = E h = 1-082036583; ¿ dx = lim x 

, n J n x h —> no J H 


£ 


■4 dx = lim 

10 x b —> oo 


r»b 

I x -4 dx = lim 

*11 

* 10 b — > oo 

L 21 J 


b — > oo ’ 
b 


4 dx = lim 

b —- oo L 


u ( 3b 3 + 3993) _ 3993 3nd 


- lim (- J_ + _2_t - _2_ 

b-Too x 3b3 30002 3000 

=t> 1.082036583 + < s < 1.082036583 + ^ => 1.08229 < s < 1.08237 

OO 

(b) s = E h ~ 1 08229 + 1,08237 = 1-08 2 3 3; error < 1-08237-i.08229 = 0 .00004 
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10.4 COMPARISON TESTS 

oo 

1. Compare with ZZ \, which is a convergerá p-series, since p — 2 > 1. Both series have nonnegative terms for n > 1. For 

n=l 

°o 

n > 1, we have n 2 < rr + 30 =7> jj > n2 3 30 . Then by Comparison Test, ZZ |]2 1 3Q converges. 

n=l 

oo 

2. Compare with ZZ y, which is a convergent p-series, since p = 3 > 1. Both series have nonnegative terms for n > 1. For 

n=l 

oo 

n > 1, we have n 4 < n 4 + 2 => ¿ => jr > 773 ^ ¿ - ¥T 2 - Í?T2- Then Comparison Test, ZZ PT5 

n=l 

converges. 


3. Compare with ZZ Z. which is a divergent p-series, since p = < I. Both series have nonnegative terms for n > 2. For 


n > 2, we have \J n — 1 < y/ñ => \ — Then by Comparison Test, ZZ \ diverges. 


4. Compare with ZZ n> which i s a divergent p-series, since p = 1 < 1. Both series have nonnegative terms for n > 2. For 

n=2 

oo 

n > 2, we have n 2 — n < n 2 => V — > -4 => t 2 — > 4 = - =>■ 4^ > -r 2 — > -. Thus Y' diverges. 

— ’ — n z — n — n z n z — n — n z n n z — n — n z — n — n ' n z — n b 

n=2 

oo 

5. Compare with ZZ , which is a convergent p-series, since p = I > 1. Both series have nonnegative terms for n > 1. 

n=l 

2 i 00 2 

For n > 1, we have 0 < cos 2 n < 1 =>■ < ^371 • Then by Comparison Test, ZZ ^Zr converges. 


6. Compare with ZZ which is a convergent geometric series, since |r| = 


< 1. Both series have nonnegative terms for 


n > 1. For n > 1, we have n • 3" > 3" =3> < T. Then by Comparison Test, ZZ converges. 


OO r~ OO OO r~ 

7. Compare with ZZ ^72 • The series ZZ is a convergent p-series, since p = | > 1, and the series ZZ ¡371 

n=l n=l n=l 

00 

= y 5 ZZ "372 converges by Theorem 8 part 3. Both series have nonnegative terms for n > 1 . For n > 1 , we have 

n=l 

n 3 < n 4 => 4n 3 < 4n 4 => n 4 + 4n 3 < n 4 + 4n 4 = 5n 4 => n 4 + 4n 3 < 5n 4 + 20 = 5(n 4 + 4) => < 5. 

=> 777^ < 5 ^ ^ ¡? =* JWa - \/Z = Then by Comparison Test, ¿ J ^ converges. 


8. Compare with ZZ -7=, which is a divergent p-series, since p = \< 1. Both series have nonnegative terms for n > 1. For 

n=l * 

n > 1, we have yfa. > 1 => 2yZi > 2 =>• 2yZi + 1 > 3 => n(2yZi + l) > 3n > 3 =>■ 2ny / n + n > 3 


+ 2 n s/i + n > n* + 3 =► ±±¿£±ll > 1 > i => > i => 


i V. 


\/ñ + 1 


v / " + 1 


^ 2 + 3 > -Tj. Then by Comparison Test, ZZ diverges. 
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oo 

9. Compare with Y 4, which is a convergent p-series, since p — 2 > 1. Both series have positive terms for n > 1. lim 4 

n _i n n— kx) D n 

= lim 1,3 r, n %' 3 = lim = lim 2 = lim = lim f = 1 > 0. Then by Limit Comparison Test, 

n—>00 1 / n n—>00 n n _t_ - 3 n —xxj ón zn n—>00 on z n—>00 0 

00 

E n 3 -E +3 converges. 

n=l 

00 

10. Compare with 47 -4-, which is a divergent p-series, since p = \ < 1. Both series have positive terms for n > 1. lim 4 


= lim Ap± = lim / ni±n = / ii m n^±n = / li m 2s_ti = / li m = = vT = 1 > 0. Then by Limit Comparison 

n^oo l/v'S n^ooV n + 2 V n^oo n + 2 V n^oo 2n V n^oo 2 V 2 F 

oo i - 

Test, a/ 4 E 2 diverges. 

11=1 V 


11. Compare with 4] 1, which is a divergent p-series, since p = 1 < 1. Both series have positive terms for n > 2. lim 4 

~ n n —kyi ° n 


n(n+ 1) 

= lim í - 24 , 1 ) 1 " 11 - 

n^oo V n 


= lim = i im 

n—>oo n n +n 1 n—>00 


= lim 0 3 / + 2n , = lim 


Y = lim fa _2 — li m ^ = 1 > 0. Then by Limit Comparison 


Test, V 7 ■ 

’ 4—/ ( n - 


i 2 + l)(n-l> 


diverges. 


12. Compare with 4] 4> which is a convergent geometric series, since |r| = 5 < 1. Both series have positive terms for 

n=l ' 

2 a oo 

n > 1. lim 4 = lim = lim tTtE = lim 4 l'T = 1 > 0. Then by Limit Comparison Test, 47 ttE converges. 


13. Compare with V § , which is a divergent p-series, since p — ' < I. Both series have positive terms for n > 1. lim 4 

n=1 v n ¿ n^oo Dn 

5 n n °o 

= lim -¡^í- = lim 4 = lim (|) n = oo. Then by Limit Comparison Test, 47 7° diverges. 

n->oo Vv n n^oo 4 n—>oo V4/ n=1 v n ' 4 

oo 

14. Compare with 47 (|) n , which is a convergent geometric series, since |r| = § < 1. Both series have positive terms for 

n=l 

n > 1. lim 4 = lim ^”74° = lim = exp lim lnflr^d-^) 1 ' = exp lim nln( ) 

“ n—>oo bn n^co ( 2 / 5 ) n^oo V10n + 87 n-*oo V10n + 8 ' F n^oo V10n + 8t 


| n 1 10n+ 15 \ 10 _10_ 

= exp lim 1 !°? +8 = exp lim 10,1+15 , i° +s 

F n—>oo 1 / n F n^oo "'/n 2 


= exp Hm (10n + ffi (10n + g) = ex P 2™ IóoiF ^+120 


= exp lim 2 oo 1 n 4 +o 3 o = ex P lim ^ = e 7 / 10 > 0. Then by Limit Comparison Test, 47 ( s„ + 4 )° converges. 


15. Compare with 4] 4 which is a divergent p-series, since p = 1 < 1. Both series have positive terms for n > 2. lim 4 

~ n n—° n 


= lim jjp = lim ¡74 = lim yyg = lim n = 00 . Then by Limit Comparison Test, 47 pfü diverges. 


n—>oo n—>00 ' n—»oo 


16. Compare with Y 4, which is a convergent p-series, since p — 2 > 1. Both series have positive terms for n > 1. lim 4 

n _i n n-»oo Dn 


ln í 1H—j j 1+ i \ / . . °° s , v 

= lim \ , , — lim — f —.— = lim 1 — 1 > 0. Then by Limit Comparison Test, ) lnll + 4) converges. 

n -^00 */ n n —>00 l--|) n —>00 * + ;? nTj v 11 ' 
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17. diverges by the Limit Comparison Test (part 1) when compared with -4- , a divergent p-series: 

n=l v 


lim 

n —► oo 


2y/n+ \/ñ 


+ V V _ lim v n _ lim ( 1 \ _ I 

n —► oo 2y/ñ+%/ñ n —> oo \2 + n 2 


(4) 


18. diverges by the Direct Comparison Test since n + n + n>n + y4i + O =>■ n+ 3 > i , which is the nth 


term of the divergent series ^ or use Limit Comparison Test with b n — 1 


19. converges by the Direct Comparison Test; =44 < 4 , which is the nth term of a convergent geometric series 

20. converges by the Direct Comparison Test; 1 n 2 ^ 4 and the p-series ^ converges 

21. diverges since n lirn o = | 4 O 

22. converges by the Limit Comparison Test (part 1) with |, , the nth term of a convergent p-series: 


lim = lim (‘ü 1 ) = 1 

n —> oo ( i \ n —> oo v n / 




23. converges by the Limit Comparison Test (part 1) with 4¡., the nth term of a convergent p-series: 

( 10n+l \ 

lim l n,1 7 1( ; +a; - lim lim = lim ^ = 10 

n —> oo (II n—> oo n “ +’n + 2 n —> oo 2n + 3 n —> oo 2 


24. converges by the Limit Comparison Test (part 1) with 4 , the nth term of a convergent p-series: 


lim 

n —» oo 


n 2 (n-2) (n 


i 2 + 5 


= lim 


5n 3 - 3n 


= lim 


15n 2 - 3 


= lim 


30n 


n —> oo n 3 -2n 2 + 5n-10 n —> oo 3n 2 -4n + 5 n —» oo 6n-4 


= 5 


25. converges by the Direct Comparison Test; < (4;)" = (j) > the nth term of a convergent geometric series 

26. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series: 


lim 




_ = lim \ 2-4-^ = lim \/ 1 + 4 = 1 

n —» oo ( i \ n —> oo V n3 n ^ oo '' 3 

V \ n :f b'ij 


27. diverges by the Direct Comparison Test; n > ln n => ln n > ln ln n =>• 1 < 4 - < t 2 n and ¿ diverges 


28. converges by the Limit Comparison Test (part 2) when compared with 4 , a convergent p-series: 

n=l 


(ln n ) ¿ 


2 (ln n) (4 . 

_W — 9 lim — — O 

n —» oo / J_ j n —> oo n n ^ oo i n —» oo n 


lim W = lim 


(ln n) 2 


= lim 


29. diverges by the Limit Comparison Test (part 3) with i , the nth term of the divergent harmonic series: 


lim ^4 n 4 n = lim = hm ^4 ' — lim 4 11 = oo 
n —» oo (j) n —> oo n —> oo (¡¡J n —> oo 4 
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30. converges by the Limit Comparison Test (part 2) with 4 , the nth term of a convergent p-series: 

Í2i3¿l 2 / 2 In n . /1\ 

lim 44 = lim 44 = lim 44 = 8 lim 4=8 lim 44 = 32 lim -4 = 32 • 0 = 0 

n —► oo / i \ n —> oo n 1/4 n —> oo ( i \ n —> oo n l/ n —> oo / i \ n —► oo n 1 / 4 

L 5 / 4 ) W/ 4 J WPD 


31. diverges by the Limit Comparison Test (part 3) with i , the nth term of the divergent harmonic series: 

lim 4/4 — lim . n .— = lim -4 = lim n = oo 
n —> oo n —> oo i+inn n —> oo ílj n —> oo 


Ooo . , .. r *oo u 

32. diverges by the Integral Test: 4+1 dx = J u du = ^ lim [t u 2 ] ln3 = ^lim | (b 2 — ln 2 3) = oo 


33. converges by the Direct Comparison Test with 4 , the nth term of a convergent p-series: n 2 — 1 > n for 

n > 2 => n 2 (n 2 — 1) > n 3 => n4n 2 — 1 > n 3 / 2 => 4 > ^ * = or use Limit Comparison Test with 4 

34. converges by the Direct Comparison Test with 4 > the nth term of a convergent p-series: n 2 + 1 > n 2 

=> n 2 + 1 > ^m 3 / 2 =>■ 4 / > n 3 / 2 => Jqr[ < 4 or use Limit Comparison Test with 4- 

OO OO OO 

35. converges because 4 4^ = 4 + /L 4 which is the sum of two convergent series: 

n=l n=l n=l 

00 00 

4 converges by the Direct Comparison Test since L < , and 4 J is a convergent geometric series 


36. converges by the Direct Comparison Test: J2 44 = (4 + and 4 + h — h + ¥ > the sum of 

n=l n=l 

the nth terms of a convergent geometric series and a convergent p-series 


37. converges by the Direct Comparison Test: 3 4 + 1 < 4 1 > which is the nth term of a convergent geometric series 


38. diverges; n hm^ (4*4) = ^ÍPoo (5 + 4 = I / 0 

00 n 

39. converges by Limit Comparison Test: compare with ( 5 ) , which is a convergent geometric series with |r| = í<‘. 

n=l 

( ° +1 1 1 

lim 4 .Tn = lim 44 = lim ,4 = 0 . 

n — > 00 (1/5) n —> 00 n 2 + 3n n —> oo 2n + 3 

oo n 

40. converges by Limit Comparison Test: compare with 4 ( 4 ) , which is a convergent geometric series with |r| 4<1> 

n=l 

lim = lim 3 4 ¡y = lim 44 = { = 1 > 0. 

n —> 00 (3/4) n —> 00 9 + 12” n —> 00 (jj) +1 1 


41. diverges by Limit Comparison Test: compare with 4 which is a divergent p-series, n [irn^ 


= lim 2-jJ 

n —> 00 2 


= lim , 1 = lim 2 = 1 > 0. 

n-M» 2 n ln 2 n —> 00 2 n (ln 2 )“ 


42. diverges by the definition of an infinite series: 4 ln(4r) =^2 lnn — ln (n + 1)], Sk = (ln 1 — ln2) + (ln 2 — ln 3) 


+ ... + (ln(k — 1) — lnk) + (lnk — ln (k + 1)) = — ln (k + 1) => lim Sk = —00 

k —> 00 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 



594 Chapter 10 Infinite Sequences and Series 


i _i 

n — 1 n 


, and 


43. converges by Comparison Test with n ^ n 1 _ ^ which converges since n ( n 1 _ t ) = 

n=2 n=2 n=2 L 

s k= 0 - \) + Ü - I) + ■■■ + (¡rb - i^l) + (dn- : i) = !“ ^ k 1 i m 0O Sk= 1 ;forn>2, (n-2)! > 1 
=>n(n- l)(n — 2)! > n(n - 1) ^n! > n(n - 1) => ¿ 

oo (n-1)! 

44. converges by Limit Comparison Test: compare with 4*, which is a convergent p-series, ^ lirn^ 

n=l 

n 3 (n — 1)! 


= lim 


= lim 


= lim = lim I = 1 > 0 


n+h oo (n + 2)(n+l)n(n-l)! “ oo n 2 +3n + 2 “ n^Óo 2n+3 ~ oo 2 

45. diverges by the Limit Comparison Test (part 1) with 4 , the nth term of the divergent harmonic series: 


lim = lim ^ = 1 

n -» oo (-) x —> O x 


46. diverges by the Limit Comparison Test (part 1) with 4 . the nth term of the divergent harmonic series: 


lim = lim = lim (_J=) (smx) = 1-1 = 1 

y cos ±J (Ij x _^ Q ' COS X / V X / 


( tan n _ 

n —> oo Q) n —► oo 


47. converges by the Direct Comparison Test: ^ A n < ^ and ^ — f S ¿r is the product of a 

n=l n=l 

convergent p-series and a nonzero constant 

-i /'ze'i 00 (e) 00 

48. converges by the Direct Comparison Test: sec -1 n < | =>• se ^„ 11 < and ^2 i+x = | '¡T l ¿ is the 

n=l n=l 

product of a convergent p-series and a nonzero constant 


( coth n i 

iii 


49. converges by the Limit Comparison Test (part 1) with 4j : n hm^ n^í'óo _ n‘-^*6o e n -e 


= lim coth n = lim 


,n _i_ n 


,n p —n 


= lim = 1 


50. converges by the Limit Comparison Test (part 1) with 4: lim 


' tanh n 

( n2 


,n n 


n —► oo ( J_ 


= lim tanh n = lim Vr 1 

n —> oo n —> oo e + e ” 


= lim | e t = 1 

n —> oo 1 + e 2n 


51. diverges by the Limit Comparison Test (part 1) with 4; ^lirn^ (^) = ^im^ ~ 

(4») 

52. converges by the Limit Comparison Test (part 1) with 4: n bm^ \ °~ / — n lim^ = 1 


53. 


1 + 2 + 3 + ..,+n (5!n+il) n(n+1) 


2 . The series converges by the Limit Comparison Test (part 1) with 4: 


lim 


( 2 i 

V n 


1 

uO 



= lim = lim 


4n 


T = lim 4=2. 

a n —> oo 1 


54. 


1 + 2 2 + 3 2 + ... + n 2 — n(n+l)(2n+l) — n (n+l)(2n+l) 
6 


1 < ^ => the series converges by the Direct Comparison Test 
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55. (a) If lim I a = 0, then there exists an integer N such that for all n > N, — 0 < 1 — 1 < “" < 1 

=> a n < b n . Thus, if Y b n converges, then Y a n converges by the Direct Comparison Test. 

(b) If n lini x 2 a = cxd, then there exists an integer N such that for all n > N, ^ > 1 => a n > b n . Thus, if 
Y b n diverges, then Y a n diverges by the Direct Comparison Test. 

OO 

56. Yes, Y “ converges by the Direct Comparison Test because — < a n 

n=l 


57. n lirri^ gj = oo =>■ there exists an integer N such that for all n > N, g“ > I =>• a n > b n . If Y a n converges, 
then Y bn converges by the Direct Comparison Test 

58. Y a n converges => n Iia n = 0 => there exists an integer N such that for all n > N, 0 < a n < 1 => a 2 < a n 

=> Y a n converges by the Direct Comparison Test 

59. Since a n > 0 and n lini^ a n — oo =í 0. by n th term test for divergence, Y a n diverges. 

60. Since a n > 0 and n lirn^ (n 2 • a n ) = 0, compare J^a n with which is a convergent p-series; n lim^ 

— n lim^ (n 2 • a n ) = 0 => J]a n converges by Limit Comparison Test 


00 flnn) q °° 

61. Let —oo < q < oo and p > 1. If q = 0, then Y "" = Y w hich is a convergent p-series. If q ^ 0, compare with 


n 

(lnn) 9 
nP 

= lim (ln p n f 

00 

l/n r 


i 

lim 

(ln p n) r q = lim 

n 

— > oo 

n p n —► oo 


w* : 

= 0, otherwise, 


í^=n 1 i m oof^- If q- 1 ^ 0 ^ 1 -^ 0and 

we apply L'Hopital's Rule again. n litn^ ^(p 


Y ~7 where 1 < r < p, then lim ~Yr = lim ' ° °! > and p — r> 0 . Ifq< 0 =>—q >0 and lim n „ n [ 

^ n r ’’ n —> oo l/n n — oo nP r ’ ^ u u moo n' r 

n=2 

= lim - 77 — ,l q r = 0. If q > 0, lim <in ”\ = lim q(lnn l p _i°| = lim ql lnn ) . If q — 1 < 0 => 1 — q > 0 and 

n —> oo (lnn) q nP~ r u ’ n —> oo nP r n —> oo (P-r)nP r 1 n — oo (p-r)nP r u — 'i — 

lim , q(lnn f„_ r = lim 7 -—9 ———7 = 0, otherwise, we apply L'Hopital's Rule again. lim q ^ q ~ bd” n ) —i¿) 

n —> oo (p-r)nP r n —> oo (p - r)nP- r (lnn) 1 q ’ ’ F 6 n -> oo (p-rfnP-'- 1 

= lim q ^ q ~ b( lnn ) —. Ifq — 2 < 0 => 2 — q >0 and lim qíq ~ °) — = lim 7 - ^ q ~ ^ —, = 0 ; otherwise, we 

apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that q k < 0 => k — q > 0. Thus, after k 
applications of L'Hopital's Rule we obtain lim q(q~ i)---íq-k+i)(inn) — _ p m q(q- 9 (q ~ k ,t V = 0. Since the limit is 

r n —> 00 (p — r) nP~ r n —> oo (p-rpnP-qinn) 11 q 

QO' /. \q 

0 in every case, by Limit Comparison Test, the series ^ p converges. 


62. Let —ex) < q < 00 and p < 1. If q = 0, then ¿ ¿ 4, which is a divergent p-series. If q > 0, compare with 


^2 which is a divergent p-series. Then n liin c j^p- = n (hin) q = oo. If q < 0 => —q > 0, compare with Y2 

n=2 n=2 

(lnn)9 , ,q r _ 

where 0 < p < r < 1. lim -rf-r — lim n D n ; — lim (-a since r — p > 0. Apply L'Hopital's to obtain 

v — n —> oo l/n n —> oo nP r n —> oo (lnn) q * rr J r 

lim (l ~~ p ^ n P 1 , 1 , = lim (r ~ p )°q_i . If'—q — 1 <0=>q+l >0 and lim ( r ~p)" p ( lnn ) — = qq 

n — oo -q lnn q ‘(i) n —> oo -q lnn ql M ^ — n ^ oo (—q) 


n — oo (—q)(lnn) q '(i) n —> oo (-q)(lnn) q 1- 4 — 

otherwise, we apply L'Hopital's Rule again to obtain lim 


-plV-p- 1 


7TT = „ lim 


(r-p)V-P 


l, ' C1VV10C , WC oulcu n ( _ q)( _ q _ 1)(lnn) - q -2 ( i ) - n ^oo ( _ qK _q_l) ( l nn) -<.-¿- 

-q — 2<0=>q + 2>0 and lim -— T~pí 11 p = lim ( r ~p) " p ( ln ») — _ ^ otherwise, we 

n n — n —> oo (—q)(—q — 1)(lnn) q n —> oo (— q)(—q — 1) 


apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that —q — k<0=t>q + k>0. Thus, after 

k applications of L'Hopital's Rule we obtain lim —r- (1 ~ 11 ——— a = lim 7— (1 - p) n p (inn) _ ^ 

F n^oo (—q) (—q — !)■••(—q — k + l)(lnn) _q_k n -> oo (—qj(—q — !)---(—q — k+ 1) 
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(lnn) q 

Since the limit is oo if q > 0 or if q < 0 and p < 1, by Limit comparison test, the series ^ diverges. Finally if q < 0 

n=l 

OO >. q OO . \ q OO 

and p = 1 then Y "J = Y! ■ Compare with Y > which is a divergent p-series. For n > 3, lnn > 1 

n=2 n=2 n=2 

=> (lnn) q > 1 => • Thus Y2 diverges by Comparison Test. Thus, if —oo < q < oo and p < 1, 

n=2 

°° (lnn) q 

the series Y2 nP -, diverges. 

n—1 


63. Converges by Exercise 61 with q — 3 and p = 4. 

64. Diverges by Exercise 62 with q = ^ and p — f. 

65. Converges by Exercise 61 with q = 1000 and p = 1.001. 

66. Diverges by Exercise 62 with q = j and p = 0.99. 

67. Converges by Exercise 61 with q = —3 and p = 1.1. 

68. Diverges by Exercise 62 with q = — \ and p = 

69. Example CAS commands: 

Maple : 

a := n -> l./n A 3/sin(n) A 2; 

s := k -> sum( a(n), n=l..k ); # (a)] 

limit( s(k), k=infinity); 

pts := [seq( [k,s(k)], k=1..100 )]: # (b) 

plot( pts, style=point, title="#69(b) (Section 10.4)"); 

pts := [seq( [k,s(k)], k=1..200 )]: #(c) 

plot( pts, style=point, title="#69(c) (Section 10.4)"); 

pts := [seq( [k,s(k)], k=1..400 )]: # (d) 

plot( pts, style=point, title="#69(d) (Section 10.4)"); 

evalf( 355/113 ); 

Mathematica : 

Clearfa, n, s, k, p] 

a[n_]:= 1 / (n 3 Sin[n] 2 ) 

s[k_]= Sum[ aln], {n, 1, k}] 

points[p_]:= Table[{k, N[s[k]]}, {k, l,p}] 

points[100] 

ListPlotlpoints[100]] 

points[200] 

ListPlot[points [200] 
points[400] 

ListPlot[points[400], PlotRange —> All] 

To investígate what is happening around k = 355, you could do the following. 
N[355/l 13] 

N[tt - 355/113] 

Sin[355]//N 

a[355]//N 

N[s[354]] 
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N[s[355]] 

N[s[356]] 

oo oo 

70. (a) Let S = ^ which is a convergent p-series. By Example 5 in Section 10.2, n(n 1 + ^ converges to 1. By Theorem 8, 

n=l n n=l n n 

OO OO OO OO OO OO / \ 

S = E ¿ =E nfSTI) +E |-E nííVl) = E „(STT) + E - ¡¡(STiy) also converges. 

n= 1 n=l n=l n=l n= 1 n=l x 7 

oo oo / \ oo 

(b) Since E ¡^+1) converges to 1 (from Example 5 in Section 10.2), S = 1 + E ( ¿ “ n ( n + i) ) = 1 + E n>TT) 

n=l n=l x 7 n=l 

oo oo 

(c) The new series is comparible to E 4> s ° it will converge faster because its terms —> 0 faster than the terms of E ¿ • 

n=l n=l 

1000 1000 

(d) The series 1 + E n 2 (n+ 1) gi yes a better approximation. Using Mathematica, 1 + E n 2 (n+ 1) = 1-644933568, while 

n=l n=l 

E ¿ = 1.644933067. Note that ^ = 1.644934067. The error is 4.99 x 10~ 7 compared with 1 x 10~ 6 . 


1000000 

E 

n=l 


10.5 THE RATIO AND ROOT TESTS 


2^+1 

1. ^ > Oforalln > 1; lim ( 


' §0 = 2™ (íTl) = 0 < 1 =*££ 


converges 


n—xx> \ “3 1 


(n+l) + 2 


2. ^ > 0 for all n > 1; lim ( - ) = lim = lim = lim Q) = \ < 1 => ¿ ^ converges 


n=l 


/ ((n+1) 1)! \ 

3. >0foralln> 1; lim ( ) = lim (^il9! . £±9 ) 

(n+l f ~ n—xx> y ^2 J n—xx) \ (n + 2) 2 (n-1 V-J 

oo . 

— lim = oo > 1 => E / , 1 diverges 

n—>oo ' 2 ' “,(“+!) 


lim í = I™ ( 3 E + í n 4 +l N ) 

n—>oo V " 2 + 4n + 4 J n ^ool 2n + 4 ) 


2 n+1 


i > 0 for all n > 1; lim 


2( n ■ !) : 1 \ 

1 = lim (^777 


n-3 n i 


n-7>co V (ü+iy^ 1 


^ = n ' Ím x (3n 2n 3) = 2™ (Í) = I < 1 


■ E converges 

n—1 


(n+ll 11 
4n+l 

Iñ ^ v/ iva crii n ^ x, mu i 4 j — 

n —>00 \ 41 T 


5. jj > 0 for all n > 1; lim 


lim ( ' ¡jr) — lim ( - 

n^oo \ / n—xx) \ 


+ 4n 3 + 6n 2 + 4n + 1 
4n 4 


= 21» (? + 5 + ¿ + ¿ + ¿)=?< 1= ^EÍ converges 

n 00 n—1 


6. > o for all n > 2; 


1™(W)= iimfíéÍTü) = lim (+) = üm(^) 

n—xx> \ y n—xx) \ v J / n—xxA v* ~ A 7/ n—xx) \ n +i / n—xx> 


= } h “(i) = 3 > 1 =* E w diverges 

n 00 n—2 


|n+l) 2 l(n+l)+2)! 


7. "^711 > 0 for all n > 1; lim = lim ( (a+ í 1) ^ ) + ^ 1 n ¿ 2)! • = lim ( n3+ q 5 f + 7 ^ + 3 ) 

n!3 - ’ n^ool n ~<°+ c 2)! I n^ooV (n + l)-n!3-“-3 2 n 2 (n + 2 )!) 9n 2 + 9n- ) 

— li m ( 3n 2 + 15n + 7 ) _ i- í 6n + 15 \ _ i: ( _6_t _ 1 ^ i ^ yo n 2 (n + 2) 

- 2™ V 27n2 + 18 " ) ~ 2™ ^4„+18 7 - - 9 < 1 =► E n!3 2n 


converges 
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8 . 


(2n + 3) ln(i 


*•5 (2n + 3)ln(n+l) 

i + 2) n-5 n 


/ (n+l)-5 n+1 \ , 

—-fr > Oforalln > 1; lim + 11 * 11 = Um ( ( °+ 1 . ) f'‘ 

n+1 ) “ n—>oo y , 2 - 1)ln(n- l) ) n^oo \ (2n + 5) ln(n - 

lim ( 5 ( n + 1 )( 2n + 3 ) ln(n+l)\ _ i- / 10n 2 + 25n+ 15 \ |j tT1 ( ln(n+l)\ _ i- (20n + 25\ i™ ( E+T A 

n™A ^ + 5) M¿+2)) ~ "™{ 2„ 2 + 5„ J ~ ( Ti + r) 


= lim(f). lim(a±2)=5- lim({)=5-l=5>l^E 


n—»oo n^oo 


n—2 


n-5 n 

(2n + 3) ln(n+ 1) 


diverges 


9. E+ > 0 for all n > 1; lim V 2 n = lim (= 0 < 1 => V) n 2 ..a 

( 2 n + 5 ) - - n ^oo V (2n + 5 ) n-*ooV 2n + 5 / “+ n + 5 i 


converges 


10. for all n > 1; lim = fon (£) = 0 < 1 =* £ ^ converges 


n=l 


/- oo 

1L (5^D n >0fora 11 n>2; Um ^(|a±|) n = Hm (|^|) = (f) = | > 1 (5^3)” diverges 


12 . 


n+l 


ln(e 2 + 1) >0 for all n > 1; lim y ln(e 2 + 1) 


n+l 


= lim 

n—»oo 


q 1+1/n 

ln(e 2 + 1) = ln(e 2 ) = 2 > 1 


E He 2 + 


n+l 


diverges 


13. —> Oforalln > 1; lim »/ 8 

( 3 + l) - - ^ 


(3+if 


= 5 < 1 => E „A M 2„ converges 

n—1 W + Sl 


14. 


sin (i) 


> 0 for all n > 1; lim \l 


/RE 


( \ oo 

\ ) = sin(0) = 0 < 1 => £ 

V n / n _j 


”(+) 


converges 


15. (l — ¿) n > 0 for all n > 1; lim y (l — ¿) n = lim (l — ¿) n = e 1 < 1 ¿ (l — ¿) n converges 


n=l 


16. J+i > 0 for all n > 2; lim = lim (jAr) = lim (= 0 < 1 => £ „E converges 

n—>oo V n—>oo \ 11 / n —>00 \ 11 v 11 / n _2 


17. converges by the Ratio Test: lim — — lim 

° J n —> oo a n n —> oo 


(n + l)/ 2 

2 n +l 


2 n 


= lim+tdE-fc= lim (l + i)' /2 (i) = i<l 

n — > oo 2 n+1 n v 2 n ^ oo ^ n/ \2/ 2 


An+1> 


V e-+l ) 

1 

íV) 

I 


18. converges by the Ratio Test: lim — = lim ^ ft\ = lim (n P * 4 = lim (l T- -) (-) = -< 1 

& J n ^ oo a n n — > oo i n i n ^ oo e n+1 n 2 n ^ oo V n /Ve/ e 


19. diverges by the Ratio Test: lim ^ = lirn 


(n+l)! j 

5ü±i - nm = i im ía+iT . £ = lim ü+1 = oo 


11111 - - 11111 / n | \ - 11111 ¡TT] ’ T - 11111 - 

n —> oo a n n — ► oo (^r) n — > oo e +1 n! n — > oo e 

( (n+l)! A 


20. diverges by the Ratio Test: lim = lim 

° J n —> oo a n n — > oo 


= lim ( ° + \ )! • üf = lim yjr = oo 

n — > oo 10 1 n! n — > oo 10 


í (n+ 1)^° \ 

21. converges by the Ratio Test: lim ^ = lim ^ ' = lim = lim (l + f) 10 í+) = + < 1 

62 n —> oo a n n —> oo ( + 1 1 n —> oo 10 n+1 n 10 n^oo v n J V10 V 10 
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22 . diverges; lim a n = lim (—)" = lim (l + —) n = e~ 2 Y 0 

& n —> oo n n^ooVn/ n ^ oo V n / ' 

23. converges by the Direct Comparison Test: = (|) n [2 + (— l) n ] < (|) n (3) which is the n th term of a convergent 

geometric series 

24. converges; a geometric series with |r| = l-ll < 1 

25. diverges; lim a n = lim (l — -) n = lim (l + — ) n = e -3 « 0.05 ± 0 

° n —>oo n —> oo ' n / n^oo ^ n / ' 


26. diverges; lim a n = lim (1 — ^-) n = lim 1 + ^ 3 = e 1//3 « 0.72 ^ 0 

° n^oo n ^ oo v ' n —> oo n ' 


27. converges by the Direct Comparison Test: ^ for n > 2, the n th term of a convergent p-series. 


28. converges by the nth-Root Test: lim A n /a^ = lim \ = lim ^ nn y n = lim — = lim = 0 < 1 

® J n^oo V n^co V n n —> oo (n n ) 1/n n^oo n n —> oo 1 


29. diverges by the Direct Comparison Test: ^ — Y = !1 ^4 > | Q) for n > 2 or by the Limit Comparison Test (part 1) 
with i. 

n 

30. converges by the nth-Root Test: n lirn^ ^ = n lirn^ ^ - ¿) n = n I hn^ (Q - ¿)”) = n!™* (n “ ?) = 0 < 1 

31. diverges by the Direct Comparison Test: ^ > ~ for n > 3 


32. converges by the Ratio Test: lim = lim 

° J n —» nn an n —» r 


a n+i _ i;™ (n+l)ln(n+l) 2 n _ 1 ^ i 

— „ on+1 * « w„\ — o ^ 1 


11111 - - 11111 - nn 4-1 - —i— o 

n —> oo a n n —> oo 2 n+1 nln(n) 2 


33. converges by the Ratio Test: lim — = lim (n | 2 [ ( T| 3> • , , T, ! , = 0 < 1 

& J n —> oo a n n —> oo (n + 1)! (n+l)(n + 2) 


34. converges by the Ratio Test: lim — = lim (n Ti * • ^ = - < 1 

° J n ^ oo a n n ^ oo e n+l n J e 


35. converges by the Ratio Test: lim ^ = lim 

J n —^ cw~\ an n —^ n 


?5±1 — lj m _ (n + 4)! _ . 3!n!3° _ i: n + 4 _ 1 < i 

. AAAAA 1 1 tn i nnn+1 i . AAAAA i t\ i ^ A 


n —> oo a n n —> oo 3!(n+l)!3 n+1 (n + 3)! n —> oo 3(n+l) 3 


36. converges by the Ratio Test: lim = lim 

J n —4 an n —4 n 


a„+i _ (n + l)2 n+1 (n + 2)! 3"n! _ ,• ( n+ 1 W 2 W n + 2 \ _ 2 


11111 - - 11111 0n i 1 , 7TT - 11111 

n —> 00 a n n-lOO 3 n+1 (n+l)! n2 n (n+l)! n —> oo 


= n l-lm oo (^)(!) (Síf) = |<l 


37. converges by the Ratio Test: lim — = lim • (?n V )! = lim n ."¡Y 1 ,n = 0 < 1 

n ^ oo a n n —> oo (2n + 3)! n! n —> oo (2n + 3)(2n + 2) 


38. converges by the Ratio Test: lim ^ = lim • §r = lim (^rr) n = lim +Y » 

D J n ^ oo a n n — > oo (n+l) n +‘ n! n ^ oo Vn+I/ n-^oo (£±1) 

= lim . 1 t . n = i < 1 

n —> oo (1 + 1) e 


39. converges by the Root Test: lim , n /aT = lim 11 = lim / n = lim Y- = 0 < 1 

° J n —> oo V 11 n —> oo V (ln n > n^oo hn n^oo Ion 
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40. converges by the Root Test: lim x “/a^ = lim n w , = lim -|5= = = 0 < 1 

° J noo V mcoV (lnn)»/- n —> oo s/ln n lim \/lnn 


( lim y/n = 1 ) 

\n —> oo v y 


41. converges by the Direct Comparison Test: 


! lnn 


n(n + 2)! n(n+l)(n + 2) ^ n(n+l)(n + 2) (n+l)(n + 2) ^ n 2 

which is the nth-term of a convergent p-series 


< i 


42. diverges by the Ratio Test: lim = lim 

° J n —> oo a n n —> o 


OO (n+l) 3 2”+i 


. ÜÍ2! _ ] jm n 3 /3\ _ 3 > . 
3" - nUPoo (n + 1) 3 V 2 J “ 2 > 1 


43. converges by the Ratio Test: lim — = lim r ^ n+ y ! l • = lim , , n = lim "7+ 2 , n + \ — \ < 

b J n —> 00 a n n —> 00 |2(n + l)J! [ n i] ¿ n —> 00 (2n + 2)(2n+l) n —> 00 4n- + 6n + 2 4 


44. converges by the Ratio Test: lim — = lim 

° J n —>00 a n n —> oo 


(2n + 5)(2 n+1 + 3) 3 n + 2 _ i- 

3 n+1 + 2 ' (2n + 3)(2 n + 3) “ n 4 oo 


2n + 5 2-6 n + 4-2 n + 3-3 n + 6 


2n + 3 3-6 n + 9-3 n + 2-2 n + 6 


= lim 

n —> oo 


2n + 5" 

• 11 m 

2-6 n + 4-2 n + 3-3 n + 6" 

2n + 3 

iiiii 

n —> oo 

3-6 n + 9-3 n + 2-2 n + 6 


= 1 . á = A < l 
1 3 3 ^ 


45. converges by the Ratio Test: lim = lim 

° J n —> oo a n n —> oo 


^ = 0 < 1 


46. converges by the Ratio Test: lim — = lim — 

° J n—»oo a n n ^ oo 

approaches 1 + | while the denominator tends to oo 


= lim 1+tan ln = O since the numerator 


47. diverges by the Ratio Test: lim — 

° J n —> OO a n 


lim 

n —> <x) 



3n — 1 _ 3 


lim t— 

n —> oo 2n + 5 


= - > 1 

2 ^ 1 


48. diverges; a n+1 = ^ a n ^ a n+1 = (jfy) (V a n _i) =► a n+1 = (^) (^) (^f an- 2 ) 

=> a n+ i = (í^ 1 ) (^) • • • (5) ai => a n +i = ^ =4> a n+ i = , which is a constant times the 

general term of the diverging harmonic series 


49. converges by the Ratio Test: n lirn^ yy 1 


50. converges by the Ratio Test: n lim^ yy 1 

51. converges by the Ratio Test: n lim^ ^ 


lim 


= lim l = O < 1 


n —> oo a n n ^ oo n 


linr 

n —> oo 


= lim = i < i 

n —> oo n 2 


linr 

n —> oo 


= lim 


l+lnn 


= lim i = O < 1 


n —> oo n n —> oo n 


52. ° n +%° > O and ai = \ => a n > 0; ln n > 10 for n > e 10 =>■ n + ln n > n + 10 => ” + > 1 

=4> a n+ i = n n ^ 0 n a n > a n ; thus a n+ i > a n > \ =>• n Hin^ a n ^ 0, so the series diverges by the nth-Term Test 


53. diverges by the nth-Term Test: a¡ — { , a2 




a 


n 



lim a n = 1 because 

n —> oo 



is a subsequence of 



whose limit is 1 by Table 8.1 
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54. converges by the Direct Comparison Test: ai = \ , a 2 



a n = (I ) 11 < (I) n w hi c h is the nth-term of a convergent geometric series 




55. converges by the Ratio Test: lim 


a n+l _ 


= lim 


2 n+1 (n+ l)!(n + 1)! (2n)! 


(2n + 2)! 


2”n!n! 


= lim . 

n —> oo 


n + 1 — i < i 

>n + 1 2 ^ 1 


lim 

n —> oo 


2(n + l)(n + 1) 
(2n + 2)(2n + 1) 


56. diverges by the Ratio Test: lim — 

° J n —» oo 


lim 

1 —> oo 


(3n + 3)! 

(n+ l)!(n + 2)!(n + 3)! 


n!(n+ l)!(n + 2)! 
(3n)! 


(3n + 3X3 + 2)(3n + 1) 
n^+oo (n + l)(n + 2)(n + 3) 


n 


lim 3 ( 

—> OO v 


3n + 2 
n + 2 


)( 


3n+ 1 
n + 3 


)=3 


3 • 3 = 27 > 1 


57. diverges by the Root Test: lim v/áT = lim .7 = lim ^ = 00 > 1 

0 J moo * n n-M» y (n“) n —> 00 n 2 


58. converges by the Root Test: lim n /(üT _ j¿ m J Wi" _ jj m n! _ i¡ m (II ( s —-) (-) 

° J n^oo y n”~ meo y ( n ) nmoon” n^oo''n' 2 n/vn/ V n / Vn/ 


< lim i = O < 1 

— n —> 00 n 


59. converges by the Root Test: lim A n /a^ = lim A y \ = lim ^ = lim on , 0 = O < 1 

J n —> 00 V n^oo V 2" n^oo 2” n ^oo 2 n ln2 


60. diverges by the Root Test: lim A n /a^ = lim ,7 = lim ? = 00 > 1 

0 J n^oo V 11 n^oo V (2 n ) n —>00 4 


61. converges by the Ratio Test: lim = lim — 

0 J n ^ oo a n n —vnn 


1-3.(2n — l)(2n+ 1) 


oo 4 n+1 2 n+1 (n+1)! 


4 n 2 n n! 

1-3.(2n - 1) 


= lim 


2n + 1 _ 1 i 

6o (4*2)(n + 1) “ 4 ^ 1 


62. converges by the Ratio Test: a n = 
lim - 


1-3 •• • (2n - 1) 


1-2-3-4 ■ ■ ■ (2n - l)(2n) 


(2n)! 


(2-4-2n)(3" + l) (2-4■ ■ ■ 2n) 2 (3° 4- 1) (2"n!) 2 (3” + 1) 

(2-n!) 2 (3° + 1) _ ,• (2n + l)(2n + 2)(3 n + 1) 

n *44*00 [2 n+1 (n 4 - l)!] 2 (3 n+1 4- 1) (2n)! nmoo 2 2 (n + l) 2 (3 n+1 + 1) 


— lim ( 4n2 + ffe+ 2 ^ Q-f — 1 . 1 _ I < i 

00 y 4n 2 4- 8n 4- 4 y (3 4-3-"' 2 2 ^ 


63. Ratio: lim — 

n — » OO a n 

Root: lim , n /aT 

n —> oo V 


lim 7 —• í = lim í— t-t) P = l p = 1 => no conclusión 

n —^ oo (n 4- l) p 1 nmoo V n 4- 1 / 

lim \ 4 = lim , „L.p = rns = 1 =>• no conclusión 

n —» oo V nP n —* oo ({/ñ) 0) p 


64. Ratio: lim — = lim 

n — > 00 a n 


1 (ln n) p _ 

n^*oo (ln(n + l))P ' 1 


lim 


ln n 


oo ln(n+l) 


lim 

n ^°° (i+r) 


( n !íí 


= lim 

■ oo 


= (l) p = 1 => no conclusión 


Root: lim , n /a7 = lim .. 

n —> oo V 11 n —> oo V (ln n ) p 


; let f(n) = (ln n) 1 /", then ln f(n) = 


lim (lnn) 1 /" 

x n—>oo v 

=> lim ln f(n) = lim = lim = lim -p— = O =>■ lim (ln n) 1 /" 

n —> oo n ^ oo n n ^ oo l n ^ oo n ln n n ^ oo 

= lim e lnf ( n ) = e° = 1 ; therefore lim A n /a^ = 


• oo 

1 


lim (ln n) 1 / 11 ) 


d)p 1 


no conclusión 


“) P 


65. a n < for every n and the series ¿ ^ converges by the Ratio Test since lim 

n=l 


oo 

=í> Y^, a n converges by the Direct Comparison Test 

n= 1 


* = I < l 

n 2 ^ 
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66 . > 0 for all n > 1 ; lim 


OO 2 

= oo > 1 =í>- fr diverges 


li ( 2° 2+2n+1 , n! \ lim (MÍA — lirn ( 2-4 n ln4 \ 

n—!oo V ( n +l)' n ! 2° 2 j “ n™A "+' ) ~ n-^U+lJ “ +^1 1 ) 


10.6 ALTERNATING SERIES, ABSOLUTE AND CONDITIONAL CONVERGENCE 

1. converges by the Alternating Convergence Test since: u n = -^ > 0 for all n > 1; n > l=^n+l>n=> y/n + 1 > y/ñ 

z , < 1 => u n+ i < u n ; lim u n = lim -+ = 0 . 

yü+i - V 7 » n—>oo n^oo + 

OO oo 

2. converges absolutely => converges by the Alternating Convergence Test since a n | — which is a 


n=l n=l 


convergent p-series 


3. converges =>• converges by Alternating Series Test since: u n — ^ > 0 for all n > 1; n > 1 => n + 1 >n=> 3 n+1 > 3 n 
=» (n + l)3 n+1 > n3 n =» TgxjW < u n+i ^ u " : limu n = lim ¡rV = 0. 

' * T 1J n— kx) n— kx) J 


n—»oo n^oo 


4. converges converges by Alternating Series Test since: u n = > 0 for all n > 2 ; n > 2 =>■ n + 1 > n 


=Mn(n+ 1 ) > lnn => (ln(n+ l )) 2 > (lnn) 
lim u n = lim —+ = 0 . 

n—>oo n—>oo U n n J 


2 1 


(ln (n+1)) — (lnn) (ln(n+l)) ¿ ~ (lnn 


— 7w\2 ^ ^n+1 ^ \ 


5. converges => converges by Alternating Series Test since: u n = ^q-¡- > 0 for all n > 1; n > 1 => 2n 2 + 2n > n 2 + n + 1 

=> n 3 + 2 n 2 + 2 n > n 3 + n 2 + n + 1 => n(n 2 + 2 n + 2 ) > n 3 + n 2 + n + 1 => n((n + l ) 2 + l) > (n 2 + l)( n + 1 ) 


n \ n+1 

n 2 + l — (n+l) 2 +l 


=> u n+ i < u n ; lim u n = lim ++ = 0 . 


n—>oo n—>oo 


6 . diverges => diverges by n th Term Test for Divergence since: lim "i ~ 3 — 1 = 2 - lim (— 1 )" 1 ++ — does not exist 

^ n—ton n +4 n —n +4 


7. diverges => diverges by n th Term Test for Divergence since: lim ^ = oo => lim (—l ) n+1 ^ = does not exist 


8 . converges absolutely => converges by the Absolute Convergence Test since |a n | = ^ ^ 7 + 1 ) 1 ’ w hich converges by the 


n=l n=l 


Ratio Test, since lim + 1 = lim = 0 < 1 


9. diverges by the nth-Term Test since for n > 10 =>■ fg > 1 => n lim (y¡,) n ^ 0 =>■ ¿ (—l ) n+1 (yg)" diverges 

n=l 

10. converges by the Alternating Series Test because f(x) = ln x is an increasing function of x => + is decreasing 
=> u n > u n+ i for n > 1 ; also u n > 0 for n > 1 and n lim^ ^ = 0 

11. converges by the Alternating Series Test since f(x) = ^ => f'(x) = 1 ~ j, n x < 0 when x > e => f(x) is decreasing 

fn) 

=> u n > u n +i; also u n > 0 for n > 1 and lim u n = lim — = lim = 0 

11 — 11+1 ’ 11 — — n —> oo n ^ oo n n—> oo 1 
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12. converges by the Alternating Series Test since f(x) = ln (1 + x x ) => f'(x) = x(x | t < 0 for x > 0 => f(x) isdecreasing 
=> u n > u n+ i; also u n > 0 for n > 1 and lim u n = lim ln (l + i) = ln í lim (l + -M = ln 1 = 0 

n _ n+i> n_ _ noo n n^oo V dJ \n —► oo ' n >) 


/x | 

13. converges by the Alternating Series Test since f(x) = y 3 


f'(x) = 27 x(x+^ < 0 ^ f 00 is decreasin g 


u n > u n ,,; also u n > 0 for n > 1 and lim u n = lim = 0 

^ — n—>oo n^oon+1 


3\/l + 1 


14. diverges by the nth-Term Test since lim y 11 , = lim v 3 = 340 

° n ^ oo ,/n + 1 n-M» i + Ü. ' 




oo oo ^ 

15. converges absolutely since J2 | a n| = (tü) a convergent geometric series 


16. converges absolutely by the Direct Comparison Test since 
of a convergent geometric series 


(-l) n+1 (0.1)° 


= < (-^) n which is the nth term 


OO OO 


17. converges conditionally since 1 > 0 and n litri^ -^ = 0 => convergence; but |a n | = X] ¿ 

is a divergent p-series 


n=l n=l 


1/2 


18. converges conditionally since t + y n + x > 0 and n lim x yryyy = 0 => convergence; but 

OO OO OO 

l a n | = i + 1 /y is a divergent series since 1 ^ and Y2 yiW is a divergent p-series 

n=l n=l v v v n=l 


OO OO 

19. converges absolutely since ^ |a n | = yqrf and pyrf < ¡y which is the nth-term of a converging p-series 

n=l n=l 


20. diverges by the nth-Term Test since n lim^ ) I =°° 

OO 

21 . converges conditionally since n | 3 > (n + | ) + 3 > 0 and ^ hm^ ¡4^ = 0 =>■ convergence; but |a n | 

n=l 

oo oo 

= ^2 n | 3 diverges because n | 3 > ^ and ^ d is a divergent series 

n=l n=l 


oo 

22. converges absolutely because the series ^ | yp 5 | converges by the Direct Comparison Test since | | < 4 

n=l 


23. diverges by the nth-Term Test since ^hrn^ = 1 4 0 


24. converges absolutely by the Direct Comparison Test since 
of a convergent geometric series 

25. converges conditionally since f(x) = jt + y =>■ f^x) = • (3 A.3i) <0 => f(x) is decreasing and henee 

OO OO 

u n > u n+1 > 0 for n > 1 and n lnn o (¿ + ¡) = 0 => convergence; but W = I] y? 

n=l n=l 

oo oo 

4 + j is the sum of a convergent and divergent series, and henee diverges 

n=l n=1 


(— 2) n+1 
n+5" 


= yyy < 2 (|) n which is the nth term 
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26. diverges by the nth-Term Test since lim a n = lim I0 l/n = I A 0 

0 J n —> oo n —► oo 


27. converges absolutely by the Ratio Test: n lim 

28. converges conditionally since f(x) = —4— =>• f'(x) = 


(^) = lim 

r (n+l) 2 d) n+1 ] 

\ u n / n — > oo 

n2 (1)“ 


[ln (x) - 


xlnx — (xl nx )2 

_1 

n^Too 


= 5<1 


< O => f(x) is decreasing 


u n > u n+1 > O for n > 2 and n Ii^ — O => convergence; but by the Integral Test, 


I, 


= lim , 

2 xlnx J 2 




dx = lim [ln (ln x)] 2 = lim [ln (ln b) — ln (ln 2)] = oo 

b —> oo b —► oo 


E |a n | = E n inn diverges 

n=l n=l 


29. converges absolutely by the Integral Test since 


/ »CSO 

, ( tan ~ lx ) (ttf) dx 


lim 

b —► oo 


(tan 1 b) 2 —(tan 1 l) 2 



lim 

b —> oo 


(tan- 1 x) 2 
2 


b 

1 


30. converges conditionally since f(x) = 


= (x) ^- x ~ ^ x t — (ln x) (l — () 
x ' (x — ln x) 2 


1- -lnx+ ax 


1 -lnx 


(x - ln x) 2 

C\ 


< O => u n > u n+ i > O when n > e and lim 


ln n 


(x - ln x) 2 

= n lim^ - = O convergence; but n — ln n < n 


n—ln n 


> 4 


inri , 

n —> oo n - ln n 

ln . n > - so that 

n—ln n n 


S I a n I — S n — in n diverges by the Direct Comparison Test 

n=l n=l 


31. diverges by the nth-Term Test since n lim^ ^ry — 1 ^ O 


32. converges absolutely since E l a n| — E (y)" i s a convergent geometric series 


n=l n=l 


33. converges absolutely by the Ratio Test: (^) = n lm^ = „H m oo n+T — O < 1 


34. converges absolutely by the Direct Comparison Test since ^ |a n | = ^ n2 * t and n -, ( n t < ¡p which is the 
nth-term of a convergent p-series 


n=l n=l 


n=l n=l 


35. converges absolutely since l a n| = E = E is a convergent p-series 


n^ñ 


36. converges conditionally since cos n n7r = 1 is the convergent alternating harmonic series, but 


E l a n| = E ; diverges 


n=l n=l 


37. converges absolutely by the Root Test: n lim^ 1a n | = ^ lim^ ( *°¿y j n lirn^ = i < 1 
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38. converges absolutely by the Ratio Test: lim ^ = lim • rr^ = lim . = \ < 1 

b J J n ^ oo a n n —» oo ((2n + 2)!) (n!) 2 n —> oo (2n + 2)(2n+l) 4 


39. diverges by the nth-Term Test since lim |a n | = lim * 2n l l! = lim í n + 1 > (n + 2 . 

b J n— » oo 1 1 n —> oo 2“n!n n —> oo 2"n 

= lim ("+lHn + 2V..(n + (n-D) j im (Y ¿ 0 
n— >00 ¿ n-MX) ' ¿ ' ' 


(n+ l)(n + 2)-(n + (n — 1)) 
2 n_1 


40. converges absolutely by the Ratio Test: lim ^ = lim (n+ V, ( 1 V t ',l | !3 ° +1 • ( 2 ?22,| ! 

b J J n —> oo a„ n —» oo (2n + 3)! n!n!3 n 

— li m (n + 1)2 3 3 < j 

n4oo (2n + 2)(2n + 3) 4 ^ 1 


41. converges conditionally since ^ n + ! —— ■ v ^ l - 1 + v ^ = , 1 — 7 - and ( . 1 — T X is a 

b J 1 v/n + l + yñ \/n +1 + yñ IVn+t + vñJ 

~ Í-D” 

decreasing sequence of positive terms which converges to O =>■ 52 / + i + J~ conver g es ; but 


55 a n = 52 , !—/ diverges by the Liinit Comparison Test (part 1) with 4 ; a divergent p-series: 

n=l n=l v v v 


lim 

n —> 00 


/n + 1 + yñ 1 _ 


= lim , — T = lim , 1 — = ^ 

n —> 00 v n + t + v n n —> 00 2 


= lim 


42. diverges by the nth-Term Test since n lim^ ^y/n 2 + n — n^j 
= lim —-2 -= lim , 1 — = 5/0 

n —> 00 n 2 4 -n+n n —> oo / 1+ 1 +1 2 2 


= lim 

n —> oo 




43. diverges by the nth-Term Test since n lim^ (yn-by/n — ynj = n lim^ ( Wn + yn - yn 


/n+yñ+yñ 


= lim /—--- -= lim == — = ^ 7 ^ O 

n ^°° yn+^/n + -y/ñ n - 00 ^1 + ^ + 1 


44. converges conditionally since | y ii + ^/ n+1 1 is a decreasing sequence of positive terms converging to O 

=4> V ‘ -1 j converges; but lim ( A+ v'°+1 ) _ ^ = li m —= 1 

“ v n +v n + 1 n-+oo (J_j n —> oo v /n+- l /n+l n —» oo i + 2 


so that y- — y^—- diverges by the Limit Comparison Test with 52 ^ which is a divergent p-series 

45. converges absolutely by the Direct Comparison Test since sech (n) = e „ + e _„ = jjíq-j < = Jr which is the 

nth term of a convergent geometric series 


46. converges absolutely by the Limit Comparison Test (part 1): 52 l a n| = 52 ■■ _ 2 „ 


n= 1 n= 1 


Apply the Limit Comparison Test with the n-th term of a convergent geometric series: 


lim 

n —> oo 


= lim „ 2e ° = lim —Atj = 2 

n ^ oo e n — e n n-^oo l-e- n 


47. ¡j — g + | — ^5 + ^ — -^-1-...= 52 2 (n + 1 ) ; conver g es by Alternating Series Test since: u n = 2 (ñ+T) > O for all n > 1; 

n=l 

n + 2 > n + 1 => 2 (n + 2 ) > 2 (n + 1) => 2 ((n+ 1 i ) + 1) < ¿An => u n+ i < u„; limu n = lim = 0. 
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AO | i 1 _ l _ J__i_j__i_j_ _ J_ _ 1 i 

1 ^ 4 9 16 ' 25 ' 36 49 64 " r 

which is a convergent p-series 
49. |error| < |(—l) 6 (5) | = 0.2 


= ]Pa n ; converges by the Absolute Convergence Test since |a n | = ^2 ¡p 


n=l n= 1 


50. |error| < |(—l) 6 (w) | =0.00001 


51. lerrorl < 


(-D 


6 (0.01) 5 
5 


= 2 x 10 


-11 


52. |error| < |(-l) 4 t 4 | = t 4 < 1 


53. |error| < 0.001 => u n+ i < 0.001 


--W— < 0.001 => (n + l) 2 + 3 > 1000 => n > -1 + y/997 « 30.5753 => n > 31 

(n+1) +3 v 7 


54. |error| < 0.001 =► u n+ i < 0.001 =► (p °+ )2 1 _ i < 0.001 =>■ (n + l) 2 + 1 > 1000(n + 1) => n > 998+^998^+4(99 81 


998.9999 => n > 999 


55. |error| < 0.001 => u n+ i < 0.001 


(,,,+n+W < 0001 => ( <n + + 3 7^ rí ) 3 > 


1000 


n + l) 2 + 3y/a + l-10>0=x v /n + 1 = - 3 ¡ ^ ' 40 


= 2=>n = 3=>n>4 


56. |error| < 0.001 => u n+1 < 0.001 => |n(ln( ‘ + 3)) < 0.001 ln(ln(n + 3)) > 1000 =>• n > -3 + e 6 '™ « 5.297 x 10 323228467 
which is the máximum arbitrary-precision number represented by Mathematica on the particular Computer solving this 
problem.. 

57. (¿jl < !§» (2n)! > ^ = 200,000 =t- n > 5 => + i + 0.54030 

58. „T < li? =► f< n! =>n>9=» 1 - 1 + h - h + h ~ h + h~ Ti + h ~ 0.367881944 

59. (a) a n > a n+ i fails since 5 < íj 

OO OO OO OO 

(b) Since |a n | = [(|) n +(i) n ] = (5)"+ E (|) n is the sum of two absolutely convergent 

n=l n=l n=l n=l 

series, we can rearrange the terms of the original series to find its sum: 

/T + I + J_+ 1 _ (1 + I 4 . 1 + 1- _Ü)_(1L - 1 _ 1 _ _ 1 

V3^9 + 27 + --'/ V2 ^ 4 + 8 ^ _ l-(i) 1 - (1) “ 2 2 

60. s 20 = 1 - \ + | - \ + ■ ■ ■ + ¿ ¿ « 0.6687714032 s 20 + i • i « 0.692580927 

OO 

61. The unused terms are (-l^a, = (-1)" 1 (a n+1 - a n+2 ) + (-l) n+3 (a n+3 - a n+4 ) + ... 

j=n+l 

= (—1)“ +1 [(a n+ i — a n+2 ) + (a n+3 — a n+4 ) + ...]. Each grouped term is positive, so the remainder 
has the same sign as (— l) n+1 , which is the sign of the first unused term. 


69 s - 2_ + 2_ + 2 _ + j_I_-V _ - _— V (í _1—1 

u — s n 1-2 ' 2-3 ' 3-4 ' • • • “ n (n +1) 2_^ k(k+l) 2_^ Vk k+ll 

k=l k=l 


= (! - \) + (5 - 5) + (5 - i) + Ü - 5) + • • • + (5 - STl) which are the first 2n terms 

of the first series, henee the two series are the same. Yes, for 

s n =¿ a-¿T) = (i-D+a-i)+G-j)+a-i)+-+tó-D+(H ¡ ¿T) = i-iÍT 
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=> lim s n = lim (l-A) = I =>• both series converge to 1. The sum of the first 2n + 1 terms of the first 

n—>oo n—íoo'-n + iy b 

series is (1-A) H—A = 1 • Their sum is lim s n = lim í 1-A) = 1. 

V n+1 / n+1 n —> oo n —> oo v n+17 


63. Theorem 16 States that A l a n| converges =>- A a n converges. But this is equivalent to A a n diverges => A l a n| diverges 


64. | ai + a? + ... + a n | < |ai| + | a-21 + ... + |a n | for all n; then A l a n| converges => A a n converges and these imply that 

n=l n=l 


A a n 

n=l 


< E l a n I 

n=l 


oo 

65. (a) A | a n + b n | converges by the Direct Comparison Test since |a n + b n | < |a n | + |b n ¡ and henee 

n=l 

oo 

A ( a n + b n ) converges absolutely 

n=l 


n=l 

oo oo oo 

(b) A |bn| converges => A “b n converges absolutely; since A a n converges absolutely and 

n=l n=l n=l 

oo oo oo 

A~b n converges absolutely, we have A [ a n + (—b n )] = A ( a n — b n ) converges absolutely by part (a) 

*■*— 1 n=l 1 


n=i n=i 

oo oo 

; absolutely, we have A [ a n + (—b n )] = A ( a n — b n ) converges ; 

ii—± n=l n=l 

oo oo oo oo 

(c) A l a n| converges =>■ |k| A l a n| — A|k a „| converges =>• Aka n converges absolutely 

n=l n=l n=l n=l 


66. If a n = b n = (-1)“ ^ , then A (—l) n converges, but A a nb n = A l diverges 


67. Si — —|, s 2 — + l — ^ 

s 3 = - \ + 1 


2 1 A 2 ’ 

1 1 1 _ 1 _ 

4 6 8 10 


1 _ 1 _ 

12 14 


16 


J_1_ 

18 20 


S 4 = S 3 + | « —0.1766, 

s 5 ~ s 4 24 26 


x 

28 


X 

30 


i_i_J_ X 

32 34 36 38 


s 6 — S 5 + ~ —0.312, 


S 7 — S6 4 6 48 


0.4] 
0 .2 : 


- 0 . 2 - 

-0.4- 


50 


i_J_1_J_ 

52 54 56 58 


60 


y = 1/2 


22 


X 

40 


i_ x 

42 44 


J_J_ 

62 64 


66 


-0.5099, 

-0.512, 

-0.51106 


68 . (a) Since ^ l a n| converges, say to M, for e > 0 there is an integer Ni such that 


Nj-l 

E |a n |-M 

n=l 


< f 



N, — 1 

/ Ni —1 oo \ 


oo 


E |an|- 

( E l a n I + E l a n I ) 

< i 

-E |an| 


n=l 

\ n=l n=N! J 


n=Ni 


< | A I a n | < f ■ AISO, A a n 


n=Ni 


converges to L for e > 0 there is an integer N 2 (which we can choose greater than or equal to Ni) such 

00 

that |sn 2 — L| < |. Therefore, A l a n| < f and |s N¡! — L| < |. 

n=N, 
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(b) The series l a n| converges absolutely, say to M. Thus, there exists Ni such that 


E I a n I -m 


< e 


whenever k > Ni. Now all of the terms in the sequence {|b n |} appear in {|a n |}. Sum together all of Ihe 
ternas in {|b n |}, in order, until you inelude all of the terms {Ja n |}E, and let N 2 be the largest Índex in the 


sum E |b n | so obtained. Then 

n=l 


n 2 

E |b„| 

n=l 


M 


< e as well 


E|bn¡ converges to M. 

n=l 


10.7 POWER SERIES 


OO 

<1 =+ |x| < 1 => — 1 < x < 1 ; when x = — 1 we have (— 1 )”, a divergent 

11=1 

series; when x = 1 we have Y2 1 , a divergent series 

n= 1 

(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no valúes for which the series converges conditionally 


1 . lim 

U n +1 

s 

it 

V 

x n+1 

n — > 00 

U n 

n —>00 

X n 


2 . lim 

Un+1 

s 

V 

(x + 5) n+1 

n — > 00 

U n 

n —>00 | 

(x + 5) n 


<1 => |x + 51 < 1 => —6 < x < —4; when x = —6 we have 


E (— l) n , a divergent series; when x = -4 we have E 1 , a divergent series 

n=l n=l 


(a) the radius is 1; the interval of convergence is — 6 < x < —4 

(b) the interval of absolute convergence is —6 < x < —4 

(c) there are no valúes for which the series converges conditionally 


3. lim 

U n +1 

E 

i\ 

V 

(4x+l) n+1 

n — > 00 

U n 

n —>00 | 

(4x+ l) n 

OO 


OO 

OO 


< 1 =+ |4x + 11 < 1 


1 < 4x + 1 < 1 


\ < x < 0 ; when x = — \ 


have E (— 1 ) n (— l) n = E ( — l) 2n = E l n > a divergent series; when x = 0 we have E (— l) n (l) n = E (~ l) n , 

n=l n=l n=l n=l n=l 


a divergent series 

(a) the radius is \; the interval of convergence is — I <x <0 

(b) the interval of absolute convergence is — | < x < 0 

(c) there are no valúes for which the series converges conditionally 


4. 


<1 => |3x-2| n lim oo ( i f T )<l =¡> |3x — 2| < 1 

OO n 

=>- — 1 < 3x — 2 < 1 => | < x < 1; when x = | we have E ^r - which is the alternating harmonic series and is 

n=l 

00 

conditionally convergent; when x — 1 we have E ~ • the divergent harmonic series 

11=1 

(a) the radius is |; the interval of convergence is | < x < 1 

(b) the interval of absolute convergence is | < x < 1 

(c) the series converges conditionally at x = | 


lim 

1 —> (X) 


Un+1 


< 1 => 


lim 

1 —> OO 


(3x - 2) n+1 


n + 1 


(3x - 2)” 


5. lim 

n —> 00 


Un+1 


< 1 => lim 

n —>00 


(x - 2)° +1 


10 “ 


1Q1+ 1 


(x — 2) n 


< 1 


Jx-21 

10 


< 1 => |x — 2 | < 10 +> -10 < x - 2 < 10 


—8 < x < 12 ; when x = —8 we have (— l) n , a divergent series; when x — 12 we have El ■ a divergent series 

11=1 n=l 


(a) the radius is 10 ; the interval of convergence is —8 < x < 12 

(b) the interval of absolute convergence is —8 < x < 12 

(c) there are no valúes for which the series converges conditionally 


we 
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6 . 


lim 

n —> oo 


< 1 => lim 

n —* oo 


(2x) n+1 


(2x)“ 


Y (— l) n , a divergent series; when x 

n=l 


< 1 => lim | 2 x| < 1 =)> | 2 x| < 1 => — 

n —> OO 1 1 11 

OO 

= ' we have Y 1 - a divergent series 

n=l 


(a) the radius is |; the interval of convergence is — 5 < x< \ 

(b) the interval of absolute convergence is — I < x < \ 

(c) there are no valúes for which the series converges conditionally 


< x < i ; when x = 


we have 


7. lim 

U n +1 

< 1 => lim 

(n + l)x n+1 (n + 2) 

n —► oo 

U n 

n —> oo 

(n + 3) nx n 


< 1 


¡x¡ lim (n , + l^w + > 2) < 1 =► |x| < 1 

1 1 n —> oo (n + 3)(n) ^ 11 


-1 < x < 1; when x = — 1 we have Y (—l) n pp-, a divergent series by the nth-term Test; when x = 1 we 

11=1 


OO 

have Y ppi, a divergent series 

n= 1 

(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no valúes for which the series converges conditionally 


<1 => |x + 2 | n lim o ( ^i) < 1 => |x + 2 | < 1 

OO 

=> — 1 < x + 2 < 1 => —3 < x < —1; when x = -3 we have Y a divergent series; when x = —1 we have 

n=l 

oo 

Y > a convergent series 
11=1 

(a) the radius is 1 ; the interval of convergence is —3 < x < — 1 

(b) the interval of absolute convergence is —3 < x < — 1 

(c) the series converges conditionally at x = — 1 


8 . 


lim 

n —> <x) 


Un+l 


< 1 => 


lim 

n —» oo 


(x + 2)° +1 


n+1 


(x + 2)" 


9. 


lim 

1 —> oo 


< 1 => 


lim 

1 —> 00 


(n+l)v / ñ+T3 n+1 


ny^3° 


< 1 =» f 


( n ~ 


lim 

oo 


I I oo 

=> y (1)(1) <1 =>■ |x| < 3 => —3 < x < 3; when x = —3 we have Y 


OO 

when x = 3 we have Y - 572 , a convergent p-series 
11=1 

(a) the radius is 3; the interval of convergence is — 3 < x < 3 

(b) the interval of absolute convergence is —3 < x < 3 

(c) there are no valúes for which the series converges conditionally 


—ir) 

n + 1 J \y n - 


lim —“y 

oo n + 1 


< 1 


/_i \n 

n ,7 , an absolutely convergent series; 


10 . lim 

n —> oo 


< 1 => lim 

n —» oo 


(x-l)°- 




< 1 


II 


lim < 1 => x- 1 < 1 

n —> oo n + 1 1 1 


yfñ+1 (X-l) n | 

~ / 1V 1 

— l<x — 1 < 1 => 0 <x< 2 ; when x = Owe have 2 ^ 1 jr, a conditionally convergent series; when x = 2 

n=l 

00 

we have Y t/j , a divergent series 

n=l 

(a) the radius is 1 ; the interval of convergence is O < x < 2 

(b) the interval of absolute convergence is O < x < 2 

(c) the series converges conditionally at x = O 


11 . 


lim 

n —> oo 


< 1 => 


lim 

n —> oo 


(n + 1)! x” 


< 1 


Ixl lim (—vt) < lforallx 

1 n^oo vn+1) 


(a) the radius is oo; the series converges for all x 
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(b) the series converges absolutely for all x 

(c) there are no valúes for which the series converges conditionally 

<1 =>• 3 Ixl lim (—¡-¡-) < 1 for all x 
1 'n—>oo Vn + l2 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no valúes for which the series converges conditionally 


12 . lim 

n —» oo 


Un+l 


< 1 =» 


lim 

n —» oo 


3 n+1 x n+1 n! 
(n+ 1)! ' 3 n x“ 


< 1 => x 2 lim = 4x 2 < 1 => x 2 < -j 

n —» oo ^n+ 1 / 4 

OO n OO 

=> — i < x < i; when x = - | we have JE ^ = Ei’ a divergent p-series; when x = J we have 

n=l n=l 

oo ~ oo 

E £ü) n = E a divergent p-series 

n=l n=l 

(a) the radius is \; the interval of convergence is -i <x< i 

(b) the interval of absolute convergence is — 2 < x < \ 

(c) there are no valúes for which the series converges conditionally 

< 1 => |x - 11 lim ( — , ") = 4 |x — 11 < 1 

1 1 n —> oo \ 3(n+ 1) / 3 ' 1 

__ n oo n 

=>• —2 < x < 4; when x = —2 we have JE = JE > an absolutely convergent series; when x = 4 we have 

11=1 11=1 

oo n 00 

E ¿35 = JE ¿t, an absolutely convergent series. 

n=l n=l 

(a) the radius is 3; the interval of convergence is —2 < x < 4 

(b) the interval of absolute convergence is —2 < x < 4 

(c) there are no valúes for which the series converges conditionally 


14. lim 

n —» 00 


%+l 


< 1 =» 


lim 

n —> 00 


(x- 1)- 


n 2 3° 


(n+l) 2 3 n+1 (x-l)“ 


13. 


lim 

n —> 00 


%+l 


< 1 =» 


lim 

n —> 00 


4n+l x 2n+2 


- 1 


4 n x 2r 


15. lim 

n —> 00 


Un+l 


< 1 => lim 

n —> 00 


xAn+lf + 3 


y / n 2 + 3 


< 1 => Ixl 


lim 

n —» oo n 2 + 2n + 4 


< 1 


Ixl < 1 


= 2 - — 1 < x < 1; when x = — 1 we have JE J 2 ^_ 3 , a conditionally convergent series; when x = 1 we have 

OO 

V , \ , a divergent series 

n=l 


(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = — 1 


16. lim 

n —» 00 


Un+l 


< 1 =» lim 

n —► 00 


vV+if + 3 


\¡ n 2 + 3 


< 1 => |x| 


lim ; j±3 

n —» oo n 2 + 2n + 4 


< 1 


|x| < 1 


— 1 < x < 1; when x = — 1 we have JE 




, a divergent series; when x = 1 we have JE 


(- 1 )° 


„ ! v/n^+3’ 


a conditionally convergent series 

(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = 1 
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< 1 => l x + 3 l lim 1 ) < l ^ l x + 3 l < 1 

5 n —> oo ^ n / 5 

oo oo 

=> |x + 3|<5 => — 5 < x + 3 < 5 => — 8 < x < 2; when x = 8 we have X] (— l) n n, a divergent 

n= 1 n=l 

oo oo 

series; when x = 2 we have ^2 ^ ^ n, a divergent series 

n= 1 n=l 

(a) the radius is 5; the interval of convergence is —8 < x < 2 

(b) the interval of absolute convergence is —8 < x < 2 

(c) there are no valúes for which the series converges conditionally 


17. lim 

n —> oo 


< 1 => 


lim 

n —* oo 


(n-t-l)(x4-3) n+1 


5 I+1 


5" 


n(x + 3)“ 


18. 


lim 

1 —> (X) 


U n +1 

<r" 1 — lim 

(n+ l)x n+1 

4 o (n 2 4- 1) 

/ 1 —N lim 

(n 4-1) (+4-1) 

U n 

N. 1 —r 11111 

n —> oo 

4 n+1 (n 2 4-2n4-2) 

nx n 

\ 1 - 7 A 11111 

4 n —► oo 

n (n 2 + 2n + 2) 


< 1 


Ixl <4 


4 < x < 4; when x = —4 we have % jy . a conditionally convergent series; when x = 4 we have 


n= 1 

a divergent series 

(a) the radius is 4; the interval of convergence is —4 < x < 4 

(b) the interval of absolute convergence is —4 < x < 4 

(c) the series converges conditionally at x = —4 


E 


n=l 


n 

rr + l ’ 


19. 


lim 

n —> oo 


u n +i 

1 —v lim 

2a+ lx n+1 

3“ 

u n 

\ 1 - 7 11111 

n —> oo 

3 n +i 

yñx- 


< 1 T Vn^oo (^) < 1 =* & < 1 =* |X| < 3 


-3 < x < 3; when x = —3 we have 22 (—l) n y/n, a divergent series; when x = 3 we have 22 y/ñ, a divergent series 


n=l n=l 

(a) the radius is 3; the interval of convergence is —3 < x < 3 

(b) the interval of absolute convergence is —3 < x < 3 

(c) there are no valúes for which the series converges conditionally 


20 . lim 

n —> oo 


Un+1 


< 1 => lim 

n^oo 


n+ y/n + 1 (2x+5) n+1 
0+(2x-t-5) n 


|2x + 5| 


lim 


< 1 => | 2 x- 


<1 => |2x + 5| 0 llm i (2ífS)<l 
51 < 1 => — 1 < 2x + 5 < 1 => 3 < x < —2; when x = —3 we have 


OO OO _ 

22 (— 1 ) \/ñ, a divergent series since lim ^/ñ = 1 ; when x = —2 we have 22 \/ñ, a divergent series 

n=l n=l 

(a) the radius is the interval of convergence is —3 < x < —2 

(b) the interval of absolute convergence is —3 < x < —2 

(c) there are no valúes for which the series converges conditionally 


21. First, rewrite the series as (2 + (—l) n )(x + l) n = 22 2(x + l) n + 22 (— l) n (x + l) n . For the series 

n=l n=l 


\n-l 


1 : lim 

n= 

Un+1 

L 

< 1 


lim 

2(x+l) n 

n — > oo 

U n 

n 

— > 00 

2(x4-l) nl 

) n (x+l) n - 

- 1 . 

lim 

U n +1 

< 1 

=> lim 

n 

— > 00 

Un 

OO 

n — > oo 


< 1 => |x + 11 lim 1 = |x + 11 < 1 =>- —2 < x < 0; For the 
1 'n —> oo 1 1 


(-l) n+1 (x+l) n 

(-Ijnfx+l)"- 1 

n—1 


<l=>|x+l| lim 1 = |x + 11 < 1 

1 1 n —> (X) 1 1 


-2 < x < 0 ; when x = —2 we have E (7 + (— 19 n )(—1 ) n , a divergent series; when x = 0 we have 

n=l 


22 (2 + (—l) n ), a divergent series 
11=1 


(a) the radius is 1 ; the interval of convergence is —2 < x < 0 

(b) the interval of absolute convergence is —2 < x < 0 

(c) there are no valúes for which the series converges conditionally 
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22 . 


lim 

n — > oo 

. 17 


< 1 => lim 

n —> oo 


< X < ^ 


19. . 


(_ 1 )“+ 1 3 2n +2( x _ 2 )“ +1 3n 

3(n+ 1) ' { —1 ) n 3 2n (x — 2) n 


; When x = f we have E (-|) n = E 


n=l n=l 

OO r, OO 

_ /_i \no/n / i \ n _ ( _ 1 

E 3 ; n —( 5 ) = E EE’ a conditionally convergerá series. 

n=l n=l 

(a) the radius is |; the interval of convergence is y < x < y 

(b) the interval of absolute convergence is y < x < y 

(c) the series converges conditionally at x = y 


< 1 =í>|x - 21 lim % = 9|x - 21 < 1 

1 'n —> 00 n+1 I I 

gf, a divergent series; when x = |we have 


23. lim 

n —» 00 


Un +1 

< 1 => lim 

n — > 00 

(i+ifer*- 

< 1 =► N | 

( lim 

1 t —*00 

Mn 

U n 

(i + 1 -Yx a 

i lim 

( 1 + n) / 



\ n J 


\ n— >00 

V n / / 


< 1 


(I) < 1 


|x| < 1 


OO ^ 

— 1 < x < 1; when x = —1 we have E (— 1 ) n 0 + „) , a divergent series by the nth-Term Test since 


lim (l + n = e 0 ; when x = 1 we have E (l + j) , a divergent series 

n=l 

(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no valúes for which the series converges conditionally 


< 1 =H X I ni-iPoo (nTl) < 1 =* M < 1 

=> — 1 < x < 1; when x = — 1 we have E (~ l) n ln 11 > a divergent series by the nth-Term Test since lim ln n/0; 

n=l 

00 

when x = 1 we have E l n 11 • a divergent series 
11=1 

(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no valúes for which the series converges conditionally 


24. lim 

U n +1 

< 1 => lim 

ln(n+ l)x n+1 

< 1 =>- ¡x| lim 

n —► 00 

U n 

n —> 00 

x n ln n 

1 ' n —» 00 


25. 


<! =► W (.“I"». (í + i)") 

=> e |x| n hii] x (n + 1 ) < 1 => only x = 0 satisfies this inequality 

(a) the radius is 0 ; the series converges only for x = 0 

(b) the series converges absolutely only for x = 0 

(c) there are no valúes for which the series converges conditionally 


lim 

n —> 00 


< 1 => 


lim 

n —» 00 


(n + 1)- 


26. 


lim 

1 —> (X) 


< 1 => 


lim 

1 —> 00 


(n-f l)!(x —4) n+1 
n! (x — 4) n 


<1 => |x — 4| lim (n -(- 1) < 1 => only x 


(a) the radius is 0; the series converges only for x = 4 

(b) the series converges absolutely only for x = 4 

(c) there are no valúes for which the series converges conditionally 


4 satisfies this inequality 


< 1 => ^ lim (-fy) <1 => ^ < 1 =» |x + 2|<2 

2 n —> 00 ^n+ 1 / 2 1 1 

00 00 n+l 

=> —2 < x + 2 < 2 => —4 < x < 0; when x = —4 we have E — , a divergent series; when x = 0 we have E '— 1 — 

11=1 n= 1 

the alternating harmonic series which converges conditionally 

(a) the radius is 2; the interval of convergence is —4 < x < 0 

(b) the interval of absolute convergence is —4 < x < 0 

(c) the series converges conditionally at x = 0 


27 . 


lim 

1 —> (X) 


u n +i 

I —lim 

(x + 2) n+1 

n2 n 

U n 

\ 1 —r 11111 

n —> 00 

(n+ l)2 n+1 

(x + 2)“ 
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< 1 => 2 |x — 11 lim (^±t) < 1 => 2 |x-II < 1 

1 1 oo Vn + l/ i i 

oo 

=> |x — 11 < i => — | < x — 1 < ^ => 1 < x < when x = | we have ]>^(n + 1), a divergent series; when x = | 

n= 1 

oo 

we havej]( — l) n ( n + 1), a divergent series 

n—1 

(a) the radius is \; the interval of convergence is \ < x < f 

(b) the interval of absolute convergence is | < x < | 

(c) there are no valúes for which the series converges conditionally 

< 1 => Ixl ( lim —b) ( lim . ln " ) < 1 

1 1 \n —> oo n+1 J yn —> oo ln(n+l)y 

=> |x| (1) ^lim^ ^ < 1 => |x| ^lim^ ^r 1 ) <1 => |x| < 1 => —1 < x < 1; when x = —1 we have 

~ /_ n n ~ , 

2^ n(lni | )2 which converges absolutely; when x = 1 we have b n(ln n)2 which converges 

n=l n=l 

(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no valúes for which the series converges conditionally 

< 1 => Ixl ( lim -jb-') ( lim < 1 

1 1 yn —> oo n+1 y yn —► oo ln(n+l)y 

oo n 

=> |x| (1)(1) <1 => |x| < 1 => — 1 < x < 1; when x = — 1 we have ^2 , a convergent alternating series; 

n=2 

oo 

when x = 1 we have which diverges by Exercise 38, Section 9.3 

11=2 

(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = — 1 


30. 


lim 

1 —> oo 


Un+1 


< 1 => 


lim 

1 —> 00 


n ln (n) 


(n+ 1) ln(n+ 1) 


29. 


lim 

1 —> oo 


Un+1 


< 1 => 


lim 

1 —> 00 


n(ln n) 2 


(n + 1) (ln(n + 1)) 


28. lim 

n —> oo 


< 1 => 


lim 

n —» oo 


(—2) n+1 (n + 2)(x — l) n+1 


(—2) n (n + 1 )(x — l) n 


31. 


lim 

n —i oo 


Un+1 


< 1 


lim 

n —* oo 


(4x - 5) 2n+3 n 3 / 2 

(n + 1) 3 / 2 ' (4x-5) 2 "+> 


<1 =» Wx-S^lta, 


3/2 


(-D 21 


=> |4x — 5| < 1 => — l<4x — 5 < 1 => 1 < x < |; when x = 1 we have n3 ., 


n=l 

3 v-'' íl) 2n+1 

absolutely convergent; when x = | we have 3/2 , a convergent p-series 

11=1 

(a) the radius is 1; the interval of convergence is 1 < x < | 

(b) the interval of absolute convergence is 1 < x < | 

(c) there are no valúes for which the series converges conditionally 


< 1 => 
OO 

= E 


(4x - 5) 2 < 1 
which is 


32. 


„%o (Ííl)< 1 =* |3x + 1| < 1 

í _i\n+l 

\, n + ! , a conditionally convergent series; 

/i-vn+l 1 

when x = O we have 2 n +1 = X, 2n + i > a divergent series 

n=l n=l 

(a) the radius is |; the interval of convergence is — | < x < O 

(b) the interval of absolute convergence is — | < x < O 

(c) the series converges conditionally at x = — | 


lim 

n -+ oo 


< 1 => lim 

n —> oo 


(3x+ l) n+2 2n + 2 


2n + 4 (3x+ l) nrl 


< 1 =>• |3x + 1| 


=> — 1<3x+1<1 =>■ 


| < x < 0; when x = — | we have ^2 

n=l 
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< 1 => Ixl lim ( s-W) < 1 for all x 

1 'n —>00 V 2n + 2/ 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no valúes for which the series converges conditionally 


33. lim 

n —> oo 


< 1 => lint 

n — > oo 


2-4-6---(2n)(2(n+ 1)) 


2-4-6---(2n) 


< 1 => |x| lim f ^ 2 . n + 3 | ) .f ) < 1 => only 

x = O satisfies this inequality 

(a) the radius is 0 ; the series converges only for x = O 

(b) the series converges absolutely only for x = O 

(c) there are no valúes for which the series converges conditionally 


34. lim 

n — > oo 


< 1 => 


lim 

n — > oo 


3-5-7---(2n+ l)(2(n+ 1) + l)x I+2 
(n+ l) 2 2 n -H 


n 2 2" 


3-5-7-"(2n + l)x n+1 


35. For the series Y recall 1 + 2 +-b n = and l 2 + 2 2 + • • • + n 2 = n ( n + so that ’ 


¿ + 2 2 + 

OO / n(n+1) 

E 

n=l 


< 1 => lim 

n — > oo 


3x n+1 (2n+1) 

(2(n+l) + l) ' 3x n 


rewrite the series as Y „, n+ i,j 2n+1) ) x 11 = Y (¿nTi)*";then ^hn^ 

' \ 6 J n=l 

< 1 => |x| < 1 => — 1 < x < 1 ; when x = —1 we have Y ( 2n + 1 ) (—l) n , a conditionally 

n=l 

oo 

convergent series; when x = 1 we have Y ( gA: ¡ ) > a divergent series. 


< 1 


Ixl lim 
1 1 n —>oo 


(2n+ 1) 
(2n + 3) 


(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = — 1 


36. For the series Y (\/n + 1 — \/ñ) ( x — 3)”’ nol:e t ^ lat a / 11 + 1 — \/ñ — v/n + j — ^ — y n + 1 + y- so that we 


can rewrite the series as Y 


(x~3)° 


=; then lim 

i n —> <X) 


< 1 


lim 

n —> oo 


(x — 3) n+1 _ y/n+l + yS 

y/n + 2 + ^/n + 1 (x — 3) n 


< 1 


=> |x — 31 lim x/n +1 + \ /ñ_ <i = ^ > |x — 3|<1=>2 <x<4; when x = 2 we have Y / - A — a conditionally 
1 'n —>00 /n + 2+yn+l 11 ’ v/n+l + yñ’ J 

OO 

convergent series; when x = 4 we have ^- n + 1 + . a divergent ¡ 


: senes; 


(a) the radius is 1; the interval of convergence is 2 < x < 4 

(b) the interval of absolute convergence is 2 < x < 4 

(c) the series converges conditionally at x = 2 


37. 

lim 

Un +1 

< 1 


lim 


n —> oo 

U n 

n 

—> 00 

38. 

lim 

U n +1 

< 1 

=> 

lim 


n —> oo 

U n 

n 

—> oo 


=> M < ? : 

=> R 

ii 

■Mvo 


39. 

lim 

U n +1 

< 1 


lim 


n —> oo 

U n 

n 

—> 00 

40. 

lim 

n —> oo 

n/ 11 

V Un 

< 1 

=> . 

n 

lim \ 

— > oo \ 


(n + 1)! x n+1 


3'6-9-(3n) 
3-6-9---(3n)(3(n+l)) ' n!x" 


< 1 => |x| lim 
1 'n —> oo 


(i+i) 


3(n + l) 


<l=^fr<l=Hx|<3=>R = 3 


(2-4-6- ■ ■ (2n)(2(n + 1 ))) 2 x n+1 _ (2-5-8-■ -(3n - 1 )) 2 

(2-5-8. • -(3n — l)(3(n+ 1) — l)) 2 ' (2-4-6- ■ -(2n)) 2 x” 


< 1 => X lim 

1 'n — > oo 


(2n + 2) 2 
(3n + 2) 2 


< 1 => íM < 1 


((n+l)!) 2 x n+1 2 n (2n)! 

2 n+1 (2(n + 1))! ' (n!) 2 x . 


< 1 => 


x| lim 

n —> oo 


(i+i) 


2(2n + 2)(2n+l) 


<l=^^r<l=>|x|<8=¿>R = 


e => R = e 
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41. lim lln+ ' < 1 => lim 3 °,‘ x ° +1 < 1 => Ixl lim 3 < 1 => Ixl < i => — i < x < i; at x = we have 

n —> oo u n n —> oo -5 n x n 1 1 n —* oo 1 1 3 J 3’ 5 

oo oo oo oo oo 

J2 3 n (— |) n = ][](— l) n , which diverges; at x = | we have 3 n Q) n = J]1 , which diverges. The series Y2 3 11 x n 

n=0 n=0 n=0 n=0 n=0 

oo 

= ^2 (3x) n is a convergent geometric series when — | < x < | and the sum is t 1 3x . 


42. lim 5*1 < i => lim 

n —> oo u n n —> oo (e x — 4) 


< 1 => |e x — 41 lim 1 < 1 => |e x - 41 < 1 3 < e x < 5 => ln3 < x < ln5; 

1 1 n —> oo 11 


at x = ln 3 we have (e ln 3 —4) n = l) n , which diverges; at x = ln 5 we have (e ln 5 —4) n = J^l, which 

n=0 n=0 n=0 n=0 

oo 

diverges. The series (e x — 4) n is a convergent geometric series when ln 3 < x < ln 5 and the sum is t _ (e*- 4 ) = 537 

n=0 

43. lim Hati < ! => lim < 1 =*. lim |1| < 1 =» (x - l ) 2 < 4 =S> |x - 1| <2 

n —► oo u n n —> oo 4 n+i (x-l) /n 4 n —► oo 1 1 1 1 

°° 2n 00 00 

=> —2 < x — 1 < 2 => — l<x<3;atx=— 1 we have Y2 ( ~ 4 j = Y2% = 1> which diverges; at x = 3 

n=0 n=0 n=0 

00 . 00 oo 

we have “¡ir = ¿O fi = /O P a divergent series; the interval of convergence is — 1 < x < 3; the series 


' Z—/ 4 n Z—/ 4 n Z—/ 

n=0 n=0 n=0 


oo / 2\ n 

^2 ((yy-) ) is a convergent geometric series when— 

n=0 x ' 


1 < x < 3 and the sum is 


1 _ 4 _ _4_ 

\ 2 r 4 — (x — i ) 2 1 4 — x 2 + 2x — 1 3 + 2x- 


44. lim < \ => lim (x +J H f ~ 2 • < 1 =► i im |l¡ < l => (x + l ) 2 < 9 =► |x+ 1¡ < 3 

n —> oo u n n —> oo y + (* +1 r n 9 n —> oo 1 1 1 1 

°° 2n OO 

=4> — 3 < x + 1 < 3 => —4 < x < 2; when x = -4we have J2 = X! 1 which diverges; at x = 2 we have 


Y2 (j,! — 5Z ! which also diverges; the interval of convergence is —4 < x < 2; the series 


n=0 n=0 


y-' (x 4-1 ) 2n _ 
Z_^ 9 n 


°° / 2\ n 

Y2 ((^r^) ) is a convergent geometric series when —4 < x < 2 

n=0 x ' 


and the sum is 


fx+ 1\ 2 — r 9-(.x + l) 2 l — 9 — x 2 — 2x — 1 — 8 — 2x — x 2 


45. lim Hsti < 1 =► lim ■ , r\^ < 1 =» I — 2| < 2 =» -2 < J^-2<2 =» O < W* < 4 

n — > oo u n n —> oo ¿ [y/x — 2) I v i v v 

oo oo 

=> O < x < 16; when x = O we have J2 (— l) n , a divergent series; when x = 16 we have (l) n , a divergent 

n=0 n=0 

oo / n _ 2 \ n 

series; the interval of convergence is O < x < 16; the series ( 9 ) is a convergent geometric series when 

n=0 x " ' 

O < x < 16 and its sum is- -4-p — = _—L— = 2 


46. lim < 1 => lim íl ,? x) , n <1 =>• lln x| < 1 => — 1 < ln x < 1 => e 1 < x < e; when x = e 1 or e we 

n->oo | u n | n —> 00 | ( in x ) | 1 1 

OO OO OO 

obtain the series l n and Y2 (— l) n which both diverge; the interval of convergence is e 1 < x < e; Y2 (ln x )“ = 7224 


11=0 n=0 


when e 1 < x < e 
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47. lim 

n —► oo 


< 1 => lim 

n —> oo 




< i 


lim |1| < 1 

j n —> oo 1 


Hr 1 <1 => x 2 < 2 


=> |x| < y/2 =+ —y2 < x < ^/2; at x = ± y/2 we have ¿ (l) n which diverges; the interval of convergence is 

n=0 

-y/2 < x < y/2 ; the series Y1 ( í -y^') is a convergent geometric series when — yj 2 < x < yj~2 and its sum is 

n=0 ' ' 


( + n 
\ 3 y 


l 3 J 


3 

2 — x 2 


48. lim 

n —» <x) 


U n +1 

1 — 2 > lim 

(x 2 - l) n+1 

2 n 

U n 

\ 1 —+ 11111 

n —> 00 

2 n+1 

(x 2 + l) n 


<1 => | x 2 — 11 <2 => - a/ 3 < x < y/3 ; when x = ± 1/3 ' 


have Y1 1”, a divergent series; the interval of convergence is — y/3 < x < y/3 ; the series Y1 ( 

n=0 n=0 3- ~ ) 


is a 


convergent geometric series when — y/~3 < x < yj~3 and its sum is — A_i\ = 


2 — [ X 2 — 1 


_ 2 

3 -x 2 


49. 


<1 =>- | x — 31 <2 =>■ l<x<5; when x = 1 we have (l) n which diverges; 

n=l 

when x = 5 we have — l) n which also diverges; the interval of convergence is 1 < x < 5; the sum of this 
11=1 


lim 

n —> 00 


(x - 3) n+1 


2 " 


2 n+1 


(x — 3) n 


convergent geometric series is —tttjy = /í ■ U f(x) = 1 — | (x — 3) + | (x — 3) 2 + ... + (— |) n (x — 3) n + ... 

1 + (VJ 

= j+i then f'(x) = — f + l(x — 3) + ... + (— 1)"n(x — 3) n ^‘ + ... is convergent when 1 < x < 5, and diverges 
when x = 1 or 5. The sum for f'(x) is (x ~ 2 1)2 , the derivative of // . 


50. Iff(x) = 1 - i(x-3)+ i(x-3) 2 + ... + (-i) n (x-3) n + ... = then f f(x) dx 

= x — (x ~ 3) + (x ~, 3) + ... + (- i)" -f ... . At x = 1 the series J2 777 diverges; at x = 5 

n= 1 

/_ i\n 9 

the series n l ~ converges. Therefore the interval of convergence is 1 < x < 5 and the sum is 

n=l 

2 ln |x — 11 + (3 — ln 4), since J dx = 2 ln |x — 11 + C, where C = 3 — ln 4 when x = 3. 


51. 


(a) Differentiate the series for sin x to get eos x = 1 — 4^- + ^^jr + 


— 1 _ L J. í_ 2 L + Í_x_i 

1 9! I 41 ' 81 JO! ' 


lim 

n —► oo 


4! 6! 

,2n+2 


(2n)! 


(2n + 2)! 


(b) 

(c) 


sin 2 x = 2 x — = 3 ^ + 
2 sin x eos \ — 2 [(0 
+ (0 - ¿ + 1 • 0 - 0 
+ (0 • ¿ + 1 - o + o 


= X' 


The series converges for all valúes of x since 


lim 

n —> oo 


( (2n+ l)(2n + 2) ) 


2 5 x 5 

5! 


2 7 x 7 

7! 


+ 


= 0 < 1 for all x. 

.. = 2 x-^ + 


D + (0 

4-o- 


3T+ 0 ' 


(2n+l)(2n + 2) 

2 V _ 2 11 x 11 
9! 11! 

0 + 1 • 1)X+ (0 - 4 + 1 - 0 + 0- 1) X 
b+ 0 -l)x 4 +( 0 - 0 + 14 + 0-0 + 


32x 5 

5! 

2 


(0 

7 
' 3! 


128x 7 , 

7! ' 

0 - 1 


512x 9 2048X 11 

9! 


+ 0 


11 ! 

•0 


i-ár): 


jfH-0*|+0*jj+0*l)x 6 + ... — 2 


+ 0 - 0 + 1 • ±) x' 

4x 3 i 16x 5 


— O x _ 2°x° , 244 _ 24C . 244 

3! ^5! 7! ' 9! 


2 11 x 11 

11 ! 


52. (a) 4 (e x ) = l + ^j + ^ + 4 + ^f + -- - = l+ x + 7 T + ff + |j + -- - = e x ; thus the derivative of e x is e x itself 

(b) J"e x dx = e x +C = x+ íf + |( + |( + |^ + ...+C, which is the general antiderivative of e x 

(c) e -x = 1 — x+^j — §7 + +T — §T+--- ;e- x -e x = 1 • 1 + (1 - 1 — 1 • l)x+ (l • i - 1 - 1 + ± - l) x 2 

+ ( 1 ' j ! _ 1 ’ 2 ! + 2 !' 1 ^ + ' 1 ) x3+ ( 1 '?! _1 ' + + + ‘ l ! _ + ' 1 + Í !' 1 ) x4 
+ (1 • 51 — 1*51 + 51-51 — 51 * Jr + 51 ' ^ — 7 ['l) x ' J + -- -= l+ 0 + 0 + 0 + 0 + 0 + ... 
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53. 


(a) ln |sec x| + C = J tan x dx = J ^x + y + 


2x 5 , 17)0 , 62x^ 
15 ^ 315 ' 2835 


-) 


dx 


_ A_|_ A_I A 

2 12 45 


Hxl , 31x lu 
2520 ^ 14,175 


... + C; x = 0 =í> C = 0 => ln |sec x| = t + T5 + S + 


12 


45 


converges when — | < x < | 
(b) sec 2 x=^ = A(x+f 


dx 

when - | < x < | 


2x 5 , 1W , 62x^ 
15 ^ 315 ^ 2835 


bZx" i \ _ i i ‘2 i 2x1 _j_ 17x u i bZx" 

08TS ~T ... ] í | A ^ “T ¿c I 2K 


17x° 

45 


= l+x 2 + ^ + ^ + ^ + ... 


17x 6 , 62x 8 


45 


315 


2 ^ X ^ 2 


62x 8 

315 


(c) sec 2 x = (sec x)(sec x) = (l + f + ir + w + -- -) ( 1 + T + fl + W + '- -) 

= 1 + G + l) x2 + (á + ? + á) x4 + (m + á + á + m) x ° + ••• 


2520 


31x iU 

14,175 


+ ... , 


, converges 


x i 5x 4 i 61x b 
2 24 ' 720 


dx 


54. (a) ln |sec x + tan x| + C = J sec x dx — J ^1 + 

... + C; x = 0 => C = 0 =>■ ln |sec x + tan x| 
... , converges when — | < x < | 


= Y J- ^ J- íi J- 61x T 
A ^ 6 ^ 24 ~ 5040 

61x 7 
5040 


277x 9 

72.576 

277x 9 

72.576 


(b) secxtanx= ^ = Jl (l + ^ + ^ + ^ + ...) 


_ Y i 5x 3 i 61x 5 i 277x 7 

— A ~ r 6 120 ^ 1008 


when - | < x < | 


(c) (sec x)(tan x)=(l + ^ + §£ + %£ + . 


x 3 i 2x 5 i 17x 7 
3 15 “ 1 " 315 


, converges 


- x + (I + x 3 + t 2_ + I + At x 5 + til + 2_ + _5_ + _6IA x 7 + - x + 5x! + «A + 277 x1 + 

~ Xi V3 + 27 X + Vl5'6 + 24l X + V315 + 15^72'72ol X "T ■ • • — * T 6 n o + 1008 + 


f < X < I 


55. (a) If f(x) = £ a n x n , then f (k ^(x) = ¿ n(n - l)(n - 2)- • -(n - (k - 1)) a n x n - k and f (k >(0) = k!a k 


a k = 'll ; likewise if f(x) = 53 b n x n , then b k = 


_ fW(0) 


a k = b k for every nonnegative integer k 


n=0 


(b) If f(x) = 53 a nX n = 0 for all x, then f (k '(x) = 0 for all x =7- from part (a) that a k = 0 for every nonnegative integer k 

n=0 


10.8 TAYLOR AND MACLAURIN SERIES 

1. f(x) = e 2x , f'(x) = 2e 2x , f"(x) = 4e 2x , f"'(x) = 8e 2x ; f(0) = e 2 < 0) = 1, f'(0) = 2, f"(0) = 4, f"'(0) = 8 => P 0 (x) = 1, 

Pi(x) = 1 + 2x, P 2 (x) = 1 + x + 2x 2 , P 3 (x) = 1 + x + 2x 2 + f x 3 

2. f(x) = sinx, f'(x) = eos x, f"(x) = —sinx, f"'(x) = —cosx; f(0) = sinO = 0, f'(0) = 1, f"(0) = 0, f'"(0) = — 1 

P 0 (x) = 0, P,(x) = x, P 2 (x) = x, P 3 (x) = x - ix 3 

3. f(x) = ln x, f'(x) = i , f"(x) = - i, f'"(x) = f(l) = ln 1 = 0, f'(l) = 1, f"(D = -1, f'"(l) = 2 => P 0 (x) = 0, 

Pi(x) = (x - 1). P 2 (x) = (x - 1) - i (x - l) 2 , P 3 (x) = (x - 1) - i (x - l) 2 + | (x - l) 3 

4. f(x) = ln(l + x), f'(x) = ^ = (1 + x)- 1 , f"(x) = -(1 + x)~ 2 , f"'(x) = 2(1 + x)~ 3 ; f(0) = ln 1 = 0, 

f'(0) = j = 1, f"(0) = -(I)" 2 = -1, f"'(0) = 2(1)- 3 = 2 => P 0 (x) = 0, Pi(x) = x, P 2 (x) = x - f, P 3 (x) = x - f + f 

5. f(x) = i = X- 1 , f'(x) = -X- 2 , f"(x) = 2x~ 3 , f'"(x) = -6x- 4 ; f(2) = i , f'(2) = - 1, f"(2) = f'"(x) = - | 

=7 P 0 (x) = i . Pdx) = i - I (x - 2), P 2 (x) = i - i (x ^ 2) + ¡ (x - 2) 2 , 

P 3 (x) = i - \ (x - 2) + i (x - 2) 2 - i (x - 2) 3 
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6. f(x) = (x + 2)~\ f'(x) = -(x + 2)- 2 , f"(x) = 2(x + 2)- 3 , f'"(x) = -6(x + 2)“ 4 ; f(0) = (2)” 1 = ± , f'(0) = -(2)~ 2 
= - \ , f"(0) = 2(2)- 3 = i , f'"(0) = —6(2)~ 4 = -l => P 0 (x) = i , Pdx) = i - |, P 2 (x) = i - | + f , 

p 3 (x) = i -! + i - f 6 


7. f(x) = sin x, f'(x) = eos x, f"(x) = — sin x, f"'(x) = — eos x; f (|) = 


= 4, f'(z) 


_ Vi 
2 ■ 


cu í 7r' 
1 V 4 / 


= _sin| = ^ > f'«(|)=-cos5=-^ =* Po = i 05|P 1 (x)=#+#(x-|), 


p 2( x)= f f (x- 1 ) - 4 (x-d 2 ,p 3 (x) = 4 + 4 (x- 1 ) - 4 (x- 1 ) 2 - 4 (x- ir 


8. f(x) = tan x, f'(x) = sec 2 x, f"(x) = 2sec 2 xtan x, f'"(x) = 2sec 4 x + 4sec 2 xtan 2 x; f (|) = tan | = 1, 

f' (f) = sec 2 (|) = 2,f"(|) = 2sec 2 (!) tan (|) = 4,f" , (|) = 2sec 4 (|) + 4sec 2 (f) tan 2 (!) = 16 => P 0 (x) = 1. 
Pt(x) = 1 + 2 (x - f) , P 2 (x) = 1 + 2 (x - f) + 2 (x - f )\ P 3 (x) = 1 + 2 (x - !) + 2 (x - |) 2 + f (x - |) 3 


9. f(x) = a/x = x 1/2 , f'(x) = (1) x” 1 / 2 , f"(x) = (- i) x“ 3 / 2 , f'"(x) = (|) x -5 / 2 ; f(4) = y/4 = 2, 

f'(4) = (|) 4- 1 / 2 = i , f"(4) = (- i) 4- 3 / 2 = - i ,f"'(4) = (|) 4~ 5 / 2 = Jg =► P 0 (x) = 2, P^x) = 2 + i (x - 4), 
P 2 (x) = 2 + i (x - 4) - i (x - 4) 2 , P 3 (x) = 2 + \ (x - 4) - i (x - 4) 2 + ^ (x - 4) 3 

10. f(x) = (1 - x) 1 / 2 , f'(x) = -1 (1 - x)- 1 / 2 , f"(x) = - 1 (1 - x)“ 3 / 2 , f'"(x) = -|(1 - x)- 5 / 2 ; f(0) = (l) 1 / 2 = 1, 

f'(0) = -i (1 Y 1 ' 2 = -i , f"(0) = - i (ir 3 / 2 = - i , f"'(0) = -§ (ir 5 / 2 = =* P 0 (x) = 1, 

Pi(x) = 1 - \ x, P 2 (x) = 1 - i x - i x 2 , P 3 (x) = 1 - i x - i x 2 - ¿ x 3 

11. f(x) = e~ x , f'(x) = —e~ x , f"(x) = e~ x , f'"(x) = -e~ x => ... f (k >(x) = (-l) k e“ x ; f(0) = = 1, f'(0) = -1, 

OO 

f"(0) = 1, f"'(0) = -1, ... ,f (k) (0) = (-l) k => e~ x = 1 -x + !x 2 - ¿x 3 + ... = E ^x n 

n=0 


12. f(x) = xe x , f'(x) = xe x + e x , f"(x) = xe x + 2e x , f"'(x) = xe x + 3e x => ... f (k) (x) = xe x + ke x ; f(0) = (0)e( 0) = 0, 

OO 

f'(0) = 1, f"(0) = 2, f"'(0) = 3, ... , f (k) (0) = k => x + x 2 + ±x 3 + ... = £ ^2_x n 

n=0 


13. f(x) = (1 + x)- 1 => f'(x) = -(1 + x)~ 2 , f"(x) = 2(1 + x)~ 3 , f'"(x) = -3!(1+ x)~ 4 => ... f< k >(x) 
= (—l) k k!(l + x) _k_1 ; f(0) = 1, f'(0) = -1, f"(0) = 2, f"'(0) = -3!,... ,f< k >(0) = (—l) k k! 

OO OO 

=>• l-x + x 2 -x 3 + ... = E (-x) n = E ( l) n x n 

n=0 n=0 


14. f(x) = f'(x) = f"(x) = 6(1 - x)- 3 , f"'(x) = 18(1 - x)- 4 => ... f (k >(x) = 3(k!)(l - x)-^ 1 ; f(0) = 2, 

OO 

f'(0) = 3, f"(0) = 6, f"'(0) = 18, ... , f (k) (0) = 3(k!) => 2 + 3x + 3x 2 + 3x 3 + ... = 2 + E 3x n 

n=l 


15. sin x = 


E 


n=0 


(-l) n x 2n+1 

(2n+l)! 


sin 3x = E 

n=0 


(—l) n (3x) 2n+1 
(2n+l)! 


( _ 1) n 3 2n+l x 2n+l _ 33^3 3^5 

(2n+l)! 3! 5! 

n=0 


16. sin x = 


OO 


E 

n=0 


(-l) n x 2n+1 

(2n+l)! 


=> sin | 


OO 


E 

n=0 


i-D c (l) 

(2n+l)! 


V (-l)"x 2 ”+> _ X 

2 ^ 2 ? ' nf '(2n I I)! 2 

n=0 


x 1 x 

2 :! -3! • 2 G -5! 


+ ... 


17. 7 eos (—x) = 7 eos x = 7 E ( =7 — + — + ..., since the cosine is an even function 

n=0 “ n ' 
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18. 


eos X = 


OO 


E 

n=0 


(— 1 )"x“ Q 
(2n)! 


=$■ 5 COS 7TX = 


OO 


5E 

n=0 


(-1)"(7TX) 2 ° 

(2n)! 


c _ 5 tt -x - 
J 2! 


5tt 4 x 4 

4! 


57T 6 X 6 

6 ! 


19. cosh x = 


e x + e 
2 


E x 2n 
(2n)! 


( i+ 


>(■- 


y_l E _ E _l E 
A ' 2! 3! ' 4! 


-■) 


=i+-+-+-+ 

4 2! ' 4! T 6! ~ ' 


20. sinh x = 


(l +x + 


— 4- — 4- — 4— 
2! ^ 3! ' 4! ^ ' 


■M 


1 + E 

' 2! 3! ~ 4! 


-•) 


_A '3! t 5! r 6! 


= E 


(2n+l)! 


21. f(x) = x 4 - 2x 3 - 5x + 4 => f'(x) = 4x 3 - 6x 2 - 5, f"(x) = 12x 2 - 12x, f"'(x) = 24x - 12, f< 4 )(x) = 24 
=>• 0 n) (x) = 0 if n > 5; f(0) = 4, f'(0) = -5, f"(0) = 0, f"'(0) = -12, O 4) (0) = 24, f< n) (0) = 0 if n > 5 
=> x 4 - 2x 3 - 5x + 4 = 4 - 5x - f x 3 + 4 x 4 = x 4 - 2x 3 - 5x + 4 


22. f(x) = 


x+l 


f'(x)=-ín?:f w (x) = ^ = ^ 


f'"(0) = -6, f (n) (0) = (— 1 ) n n! if n > 2 => x 2 - x 3 + x 4 - x 5 + .. 


f(n)(x) = ¿TTF t; f(0) = °> f,(0) = °> f " ( °) = 2 ’ 

oo 

. = e (-i)V 

n=2 


23. f(x) = x 3 - 2x + 4 => f'(x) = 3x 2 - 2, f"(x) = 6x, f"'(x) = 6 => f (n) (x) = 0 if n > 4; f(2) = 8, f'(2) = 10, 
f"(2) = 12, f'"(2) = 6, f ( n) (2) = 0 if n > 4 =^x 3 -2x + 4 = 8 + 10(x - 2) + 4 (x - 2) 2 + (x - 2) 3 

= 8 + 10(x - 2) + 6(x - 2) 2 + (x - 2) 3 

24. f(x) = 2x 3 + x 2 + 3x - 8 => f'(x) = 6x 2 + 2x + 3, f"(x) = 12x + 2, f"'(x) = 12 f( n )( x ) = 0 if n > 4; f(l) = -2, 

f'(l) = 11, f"(l) = 14,f'"(l) = 12, f< n >(l) = Oifn > 4 => 2x 3 + x 2 + 3x — 8 

= -2 + ll(x - 1) + 4 (x - l) 2 + if (x - l) 3 = -2 + ll(x - 1) + 7(x - l) 2 + 2(x - l) 3 

25. f(x) = x 4 + x 2 + 1 => f'(x) = 4x 3 + 2x, f"(x) = 12x 2 + 2, f"'(x) = 24x, f (4 l(x) = 24, f4)( x ) = 0 if n > 5; 

f(—2) = 21, f'(—2) = -36, f"(—2) = 50, f"'(-2) = -48, f< 4 )(—2) = 24, f^(-2) = 0 if n > 5 => x 4 + x 2 + 1 
= 21 - 36(x + 2) + § (x + 2) 2 - |f (x + 2) 3 + ff (x + 2) 4 = 21 - 36(x + 2) + 25(x + 2) 2 - 8(x + 2) 3 + (x + 2) 4 

26. f(x) = 3x 5 - x 4 + 2x 3 + x 2 - 2 =s> f'(x) = 15x 4 - 4x 3 + 6x 2 + 2x, f"(x) = 60x 3 - 12x 2 + 12x + 2, 
f"'(x) = 180x 2 - 24x + 12, fW(x) = 360x - 24, f^(x) = 360, f (n >(x) = 0 if n > 6; f(—1) = -7, 
f'(-l) = 23, f"(—1) = -82, f'"(-l) = 216, fW(-l) = -384, f (5 >(-l) = 360, fl n >(—1) = Oifn > 6 

=► 3x 5 - x 4 + 2x 3 + x 2 - 2 = -7 + 23(x + 1) - f (x + l) 2 + f 5 (x + l) 3 - ^ (x + l) 4 + f? (x + l) 5 
= -7 + 23(x + 1) - 41(x + l) 2 + 36(x + l) 3 - 16(x + l) 4 + 3(x + l) 5 

27. f(x) = X" 2 =>• f'(x) = —2x -3 , f"(x) = 3! x~ 4 , f"'(x) = -4! x“ 5 => f^(x) = (—l) n (n + 1)! x" 11 ” 2 ; 

f(l) = l,f'(l) = —2, f"(l) = 3!, f'"(l) = —4!, fW(l) = (— 1 ) n (n + 1)! =>• 4 

OO 

= 1 - 2(x- 1) + 3(x — l) 2 -4(X- l) 3 + ... = £ (—l) n (n + l)(x - l) n 

n=0 


28. f(x) = —Ej =4- f'(x) = 3(1 - x)- 4 , f"(x) = 12(1 - x)- 5 , f"'(x) = 60(1 - x)” 6 => f4)( x ) = 4+41 (i _ x )-»-3 

(1 x) 

f(0) = 1, f'(o) = 3, f"(0) = 12, f"'(0) = 60,... , f (n) (0) = 4+41 -L-r = 1 + 3x + 6x 2 + 10x 3 + ... 

_ (n + 2Kn+ l) ,, n 

n=0 
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29. f(x) = e x => f'(x) = e x , f"(x) = e x =>■ f (n )(x) = e x ; f(2) = e 2 , f'(2) = e 2 , ... f (n >(2) = e 2 
=> e x = e 2 + e 2 (x - 2) + | (x - 2) 2 + §j (x - 2) 3 + ... = £ fr (x - 2) n 

n=0 


30. f(x) = 2 X => f'(x) = 2 X ln 2, f"(x) = 2 x (ln 2) 2 , f"'(x) = 2 x (ln 2) 3 =» f^(x) = 2 x (ln 2) n ; f(l) = 2, f'(l) = 2 ln 2, 
f"(l) = 2(ln 2) 2 , f"'(l) = 2(ln 2) 3 , ... , f( n )(l) = 2(ln 2) n 

=> 2 X = 2 + (2 ln 2)(x - 1) + (x - l) 2 + (x - l) 3 + ... = f) 2 dn 2 )"(x-i)° 

n=0 


31. f(x) = cos(2x + f), f'(x) = —2sin(2x + |), f"(x) = —4cos(2x + |), f"'(x) = 8 sin(2x + |), 

f (4) (x) = 2 4 cos(2x+ f), f (5 )(x) = —2 5 sin(2x+ §), . . ;f(|) = -l,f'(f) = 0, f"(|) = 4,f"'(|) = 0, f (4) (|) = 2 4 , 
f (5) (f) = 0, ...,f( 2n >(f) = (—l) n 2 2n => cos(2x+f) = -l+2(x- |) 2 - §(x- f ) 4 + ... 


32. f(x) = y/x+1, f'(x) = i(x+ l)^ l/2 ,f"(x) = -|( x + i)' 3/2 > f '"( x ) = |(x+ 1)~ 5/2 , f (4) (x) = -||(x+l)- 7/2 ,. . .; 
f(0) = 1, f'(0) = i, f"(0) = -i, f'"(0) = f, fW(O) = -!§,...=► \/x + 1 = 1 + ix - ¡x 2 + ix 3 - yfgX 4 + ... 

33. The Maclaurin series generated by cosx is ^2 yyyjj-x 2n which converges on (— oo, oo) and the Maclaurin series generated 

n=0 

oo 

by is 2^2 x n which converges on (— 1, 1). Thus the Maclaurin series generated by f(x) = eos x — is given by 

n=0 

oo n 00 

Y2 7 Tñn"X 2n — 2]T) X n = -1 - 2x - 3 x 2 — .... which converges on the intersection of (—oo, oo) and (—1, 1), so the 
interval of convergence is (—1, 1). 


34. The Maclaurin series generated by e x is which converges on (— oo, oo). The Maclaurin series generated by 

n=0 

oo n 

f(x) = (1 — x + x 2 )e x is given by (1 — x + x 2 ) ^ ^ = 1 + ^x 2 + =x 3 .... which converges on (— oo, oo). 

n=0 


/_j\n 

35. The Maclaurin series generated by sinx is ^2 ( 2 n+ i)! x " n+ which converges on (— oo, oo) and the Maclaurin series 

n=0 

°°' /_ i v n— 1 

generated by ln(l + x) is —x 11 which converges on ( —1, 1). Thus the Maclaurin series genereated by 

n=l 

f(x) = sinx • ln(l + x) is given by f £ (¿njrX 2n+1 ^ f £j - » 2 - . 6 

the intersection of (— oo, oo) and (—1, 1), so the interval of convergence is (—1, 1). 


= x 2 — lx 3 + |x 4 — .... which converges on 


OQ ' /_j\n 

36. The Maclaurin series generated by sinx is ^ ( 2 n + i)! x ~ n+ which converges on (— oo, oo). The Maclaurin series 

n=0 


genereated by f(x) = x sin- x is given by x ( £ ) = x ( £ ¿^x 21 ^ 1 ) ( £ t 2 n + 1 d x 


= x 3 — yX 5 + |yX 7 + . . . which converges on (— oo, oo). 


(2n + l)! 


(2n+l 


37. If e x = Y2 ( x — a) n and f(x) = e x , we have f* n ^(a) = e a f or all n = 0, 1, 2, 3, ... 


_ g fM(a) 
n=0 

(X - a)° I (x - a) 1 , (x-a y 


=>■ e = e 


i V a ~ a J i V a ~ a J i 

0 ! ' 1 ! ' 2 ! ' * ‘ • 


= e 


1 + (x - a) + + ... 


at x = a 
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38. f(x) = e x 


f( n )(x) = e x for all n => f ín )(l) = e for all n = 0, 1, 2,... 


=>• e x = e + e(x - 1) + % (x - l) 2 + ff (x - l) 3 + ... = e 


1 + (x - 1) + 


(x-l ) 2 


+ 


(x-l ) 3 


+ ... 


39. f(x) = f(a) + f'(a)(x - a) + ^ (x - a) 2 + (x - a) 3 + ... => f'(x) 

= f'(a) + f"(a)(x - a) + ípp 3(x - a) 2 + ... => f"(x) = f"(a) + f'"(a)(x - a) + 4 • 3(x - a) 2 + ... 

=> 0 n) (x) = fW(a) + f (n+1 Va)(x - a) + (x - a) 2 + ... 

=> f(a) = f(a) + 0, f'(a) = f'(a) + 0. ... , 0 n) (a) = f< n >(a) + 0 


40. E(x) = f(x) — b 0 - bi(x - a) - b 2 (x — a) 2 - b 3 (x - a) 3 - ... - b n (x — a) n 
=> 0 = E(a) = f(a) — bo =>• bo = f(a); from condition (b), 


lim 


f(x) - f(a) - bi(x - a) - b 2 (x - a) 2 - b 3 (x - a) 3 - . 


b„(x - a) 1 _ q 


(x — a) n 

f'(x) — bi — 2 b 2 (x — a) — 3bs(x — a) 2 — ... — nb n (x — a) n_1 
n(x — a) n_1 


lim 

X —> ‘d 

bi = f'(a) 


= 0 


lim 

x —* a 


f"(x) — 2b2 — 3! b 3 (x — a) - 


- n(n - l)b„(x - a) D 


=> b 2 = | f"(a) => Y lim Q 


n(n — l)(x— a) n ~ 2 
f"'(x) - 3! b 3 - ... - n(n - l)(n - 2)b n (x - a)”- 3 


n(n - l)(n - 2)(x - a)”- 3 


- =0 
= 0 


= b 3 = p f'"(a) => lim 


f< n >(x)-n!b„ 


g(x) = f(a) + f'(a)(x - a) + ^ (x - a) 2 + ... + ^ ( x - a) n = P„(x) 


= 0 => b„ = ^ f (n) (a); therefore, 

f(°>(a) 


41. f(x) = ln (eos x) => f'(x) = — tan x and f"(x) = — sec 2 x; f(0) = 0, f'(0) = 0, f"(0) = — 1 => L(x) = 0 and Q(x) = 


42. f(x) = e sinx => f'(x) = (eos x)e sinx and f"(x) = (- sin x)e sinx + (eos x) 2 e sinx ; f(0) = 1, f'(0) = 1, f"(0) = 1 
=> L(x) = 1 + x and Q(x) = 1 + x + p 

43. f(x) = (1 - x 2 )“ 1/2 f'(x) = x(l - x 2 ) _3/2 and f"(x) = (1 - x 2 ) _3/2 + 3x 2 (1 - x 2 ) _5/2 ; f(0) = 1, f'(0) = 0, 

f"(0) = 1 => L(x) = 1 and Q(x) = 1 + f 

44. f(x) = cosh x => f'(x) = sinh x and f"(x) = cosh x; f(0) = 1, f'(0) = 0, f"(0) = 1 => L(x) = 1 and Q(x) = 1 + y 

45. f(x) = sin x =>• f'(x) = eos x and f"(x) = — sin x; f(0) = 0, f'(0) = 1, f"(0) = 0 =í> L(x) = x and Q(x) = x 

46. f(x) = tan x =>■ f'(x) = sec 2 x and f"(x) = 2 sec 2 x tan x; f(0) = 0, f'(0) = 1, f" = 0 => L(x) = x and Q(x) = x 

10.9 CONVERGENCE OF TAYLOR SERIES 


1. e x 


— 1 + X + |y + 


•••=£ s => 


5x 


— 1 H - ( — 5x) + 


(—5x) 2 


+ . 


= 1 — 5x + 


5 2 x 2 

2 ! 


5 3 x 3 

3! 


+ ... 


_ (-l) n 5 n x n 
~ 2 -^ n! 
n=0 


2. e x 


— 1 H - X. + + 


_ v í“ 

~ n! 


-x/2 


= i + (f) + 




(-l) n x n 

2 n n! 


- . y 3 „ 5 

3. sinx = x— fr + 5 T“ 


_ ip, (-l) n x 2n+1 

2-, (2n+l)! 

n=0 


5 sin(—x) = 5 


y'I - 4_ (zí£ 

A / I <¡» 


_ 5(-l) n+1 x 2n+1 

— 2^ (2n+l)! 

n=0 


4. sin X = X — |y + |y - 


(_l)”x 2n+1 
2-^ (2n+l)! 

n=0 


sin f 


(-KX\3 /7TX\5 /7tx\7 

7[X _ V 2 ) l V 2 ) _ \ 2 ) I 

2 3! ' 5! 7! ‘ 


_ ^ pDnpn+ipn+l 

2^ 2 2n+1 (2n+l)! 

n=0 
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5. cos x = E => eos 5x 2 = E 


2 _ V' (—l) n [5x 2 ] 2n _ (—l) n 5 2n x 4n _ , 25x 4 , 625x 8 15625x 12 

— 12nl! — Í2nl! — 1 2! 4! 6! 


Z^ (2n)! — Z^ (2n)! 

n=0 n=0 


r ST' (—l) D X 2n ( x 3 / 2 \ ( ( X 3 ^ 

6. eos x = £ =* cos J = cos ( [Y, 


(-»" f 


OO o 

_ \p (-l) n x 3n 
— Z^ 2 a (2n)l 


1 Y 3 Y 6 Y 9 

— 1 _ _ _J_ 

2-2! “ 2 2 -4! 2 3 -6! ' ' 


7. ln(l + x) = ¿ =► ln(l + x 2 ) = £ = E = * 2 ~ Y + J ~ 7 


-U - V' (-l) n x 2n+1 _ V' (-irpx 4 ) 2 -- 1 _ ^s, (_i)° 3 2.+i x 8n+4 _ , ^ 12 243 v 20 _ 2187 v 28 


8. tan~'x = £ 


tan- 1 (3x 4 ) = E 1 Z+i = E 

n=0 n=0 


= 3x 4 - 9x lz + ^x 2U - ^x 2 


OO OO OO 

9- rb = £ (-I)V (-1 )"Ü*T = E (-1)"Ü) V" = i - 5x> + - gx» +.. 


OO OO OO . , 

10 - tZ = E^ n ^ r=í = 5iZü = lE ü x ) n = E ü)“ x " = I + i x + Z 2 + Z 3 


11- e x = E £ 

n=0 


XeX = X E pT 

\n=0 


= E V= X + x2 +tT + fT + |7 

n=0 


EE /_i \n v 2n+1 

12 . sin x = E “f 2 n+T)T 

n=0 


=> x sin x = x 


_ V (~l) n x 2n+3 _ 3 

Z^ Í2n+n! 


— _ — -I- —_ 

3! ' 5! 7! ' ‘ 


13. COS X = E ZnZ =* y-l+cosx=^-l + E 


(_n n x 2n 2 y 2 y 4 y 6 y 8 y 10 

(2n)! 2 1 ^ 1 2^4! 6! “ 8! 10! ~ * 


_ x 4 x 6 , x 8 x 10 . _ (-l) n x 2n 

“4! 6! ' 8! 10! — Z^ (2nl! 


14. sin x = ¿ 


=> sin x — x + 


( X -5T 


*_L *_*_ 4_ *_*_L 

3! ' 5! 7! ' 9! 11! ~ ' 


(_l)n x 2n + l \ _ x3 

(2n+l)! J A ^ 3! 


v 3 v 5 y 7 y 9 y 11 

_ y _4_ E_ — E_ _ í_i E_ _ _i_ 

^3! 5! 7! ' 9! 11! ' ' 


(-l) n x 2n+1 


15. eosx = E ( ZZ 


X COS 7TX = X £ 


(-l)”(7rx) 2 " _ Y^ (-lfTT^X 2 ” 41 __ A 3 I 7r 4 X 5 TtV , 

(2n>! 2^ (2n)! 2! ' 4! 6! ' 


16. cos x = E 


( _l) n x 2n 


Y 2 ( y 2 \ - Y 2 V (-‘Wr _ Y- (-ll n x 4n+2 - y 2 _x!,X^_x 11 , 

X cus I.X ) — X 2n I — ( 2n)! — x 2! ^ 4! 6! ' ' 

n=0 n=0 


1 i cos 2x 

2 ' 2 


2x) 2 , (2x) 4 (2x) 6 ■ (2x) 8 

2-2! -r 2-4! 2-6! “ r 2-8! 


1,1 ^ (~ l) n (2x) 2n 1 ■ 1 I~ 1 (2x) 2 

2 ' 2 Z-/ (2n)! — 2 " r 2 1 2! 

n=0 


. 1 i 1 [i (2x) 2 ■ (2x) 4 (2x) 6 ■ (2x) 8 

' 2 "i 2 1 2! ' 4! 6! ' 8! 

, , (—l) n (2x) 2n _ i , V (~l) n 2 2n-1 x 2n 

1 Z^ 2-(2n)! 1 “ r Z^ (2n)! 

n=l n=l 


18. sin 2 x= (^f^) = i - i cos2x= i - i (l 

_ (-l) n+1 (2x) 2n _ (—l) n 2 2n ~‘ x 2n 

E 2-(2n)! - 4 (2n)! 

n=l n=l 


(2x) 2 , (2x) 4 (2x) 6 

2! ' 4! 6! ' ' 


_ (2x) 2 (2x) 4 ■ (2x) 6 

— 2-2! 2-4! " r 2-6! 
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19. j^ 2 ü — x 2 (y^j) = x 2 £ (2x) n = £ 2 n x n+2 = x 2 + 2x 3 + 2 2 x 4 + 2 3 x 5 + 


n=0 n=0 


20 . x ln (1 + 2 x) = x £ 

n=l 


(—l) n ~ 1 (2x) n _ (-1 _ 0 . r 2 2 2 x 3 , 2 3 x 4 2 4 x 5 , 

n — Z-/ n — ZA 2 ' 4 5 

n= 1 


21 . x n = 1 + x + x 2 + x 3 + . 

n=0 


=* s(¿) = ñi? = 1 + 2x + 3x 2 + ... = £ nx n -‘ = E (n+Dx" 


n=0 


22 . 


(l-x) 


2 / \ °° 

= S*(t=í) = á((lÍ5 T ) =s( 1 + 2x + 3x 2 + ...)=2 + 6x+12x 2 + ... = £ n(n - l)x "- 2 


= £ (n + 2 )(n + l)x n 

n=0 


23. tan 'x = x — |x 3 + jX 5 — ^x 7 


+ ...=► xtan _ 1 x 2 = x(x 2 - ±(x 2 ) 3 + ±(x 2 ) 5 - ±(x 2 ) 7 + ... ) 


= x 


jX 7 + |x n — ix 15 


_ ^ (-i)V 


= E 


2n — 1 


24. sin x = x - |y + |r - Ir + ■ 


_ „ 4 x j i 16 x 5 64 x i 

— A 3 ! ' 5 ! 7 ! ' • 


sin x • eos x = ^ sin 2 x = 1 ^ 2 x 


(2x) 3 | (2x) 5 
3 ! " r 5 ! 


(2x) 7 

7! 


= X 


2x J i 2x 3 4x' 

3 “T" 15 315 


_ g (-l) , 2 a x ;,+1 


(2n+ll! 


25. e x = 1 + x + |y + fy + 


and y£: = 1 — x + x 2 — x 3 


i 

l+x 


= (l +X + ¿ ¿ + ... ) + (1 -x + x 2 -x 3 + ...) = 2+ §x 2 - |x 3 + =fx 4 + ... = £(¿ + (-l) n )x n 


26. sinx = x—+ — yt + -- - and eos x = 1 — |y + |y — §7 + ... cos x — s i n x 




_ _L _ — _ I 

2 ! ' 4 ! 6 ! ' 


( (-lfx 21 ( —l) n x 2n+1 


n=0 x ^ 


(2n+l)! 


-)-(*- 

) 


5 ! 7 ! 


■■■ I — 1 A 2 ! ^ 3 ! ^ 4 ! 5 ! 6 ! ^ 7 ! 


27. ln( l+x) =x - ¡x 2 + |x 3 - ix 4 + ... =► f ln(l + x 2 ) = f(x 2 - i(x 2 ) 2 + |(x 2 ) 3 - i(x 2 ) 4 + ...) 


I y 3 _ 1 y 5 i 1 y 7 _ ± y 9 
3 a 6 a -r 9 a 12 a 


= E 


tlTl x 2n+l 


3n 


28. ln(l + x) = x — |x 2 + |x 3 — ix 4 + ... and ln(l — x) = — x — ^x 2 — |x 3 — ^x 4 + ...=> ln(l + x) — ln(l — x) 


= (> 


¡X 2 + ix 3 - ix 4 + ...) - (-X - 2 X- 


1 y 2 _ I y 3 _ 1 y 4 
2 a 3 A 4 a 


+ ...)= 2 x + |x 3 + |x 5 + ... = £ 


2 Y 2n+1 

2n + 1 A 


29. e x = 1 + x + + yy + • • • and sin x = x — |y + |y — yt + • • • => e x • sin x 


- (l+x+! í + f I + ...)( 


Y _ A I A _ A_|_ 

A 3 ! ' 5 ! 7 ! “ r 


•••) 


= X + X 2 + 5 X 3 - ¿X 5 


30. ln( 1 + x) = x - |x 2 + |x 3 - ix 4 + ... and y£y = 1 + x + x 2 + x 3 + ... 


ln( l+x) 


= ln(l + x) • y£ 


= (x - ±x 2 + ±x 3 - ix 4 + ...) (1 + x + x 2 + x 3 + ...) = x + \x 2 + |x 3 + y+x 4 + .. 
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31. tan 'x = x 


!x 5 + ix 5 - ix 7 


(tan *x)“ = (tan 1 x)(tan 1 x) 


= ( X -i X 3 + 


1 Y 5 

5 X 


i X 7 + . . .) ( x - i X 3 + J X 5 - i X 7 


\ „2 _ 2 Y 4_23 Y 6_ 4£ Y 8 , 

■ ■) A 3 X 45 105 A f ■ 


32. sin X = x — |y + |y — JJ + 


and eos x = 1 - §y + |y - |y + . 


cos"x • sin x = eos x • eos x • sin x 


— eos x • g sin 2 x=i(l-^ + £- j£ + ...)(: 


2 x 


(2íf 

3! 


+ 


(2x) 5 


( 2 x ) 7 

7! 


+ 


-) 


= X 


Z x 3 
6 a 


61 5 _ 1247 7 

120 a 5040 a 


33. sin X = X - ¿ + (2 _ s! + . 
=> e sinx = 1 + (x - ^ 

= 1 + X + i X 2 - g X 4 + ... 


i x 7 +...) 

) 7 + ... 


34. sin X = X - |y + |y - gy + 


and tan 3 x = x — jx 


I v 3 




I x 3 

3 A 


1„5 
5 A 


1 v 7 


+ ...) +i4)(x 


_ Y J. i 3 y 5 _5_ y 7 i 

— A 2 a i" 8 a 16 a ' ' 


|x 5 — IfX 1 + 


sin(tan 'x) = (x — |x 3 + gX 5 — 


i* 3 


+ ix s -i x 7 + ...) -5 ¿ó( x - 5 x3 + 


1 y 5 _ 1 Y 7 
5 X 7 X 


and e x = l+ x+ s3 + fy + 


_ 51 4 . 

71 I ' 


.) + ;(x- 


- - + 
7! I 


-) 2 +K— 


+ - - - + 


+ 


35. Since n = 3, thenf ( 4 )(x) = sinx, |f ( 4 ) (x)| < M on [0,0.1] => |sinx| < 1 on [0,0.1] => M = l.Then |R 3 (0.1)| < l 104 " 0,4 
= 4.2 x 10 ~ 6 =>■ error < 4.2 x 10 ~ 6 


36. Since n = 4, then f ( 5 >(x) = e x , |f ( 5 ) (x)| < M on [0, 0.5] => |e x | < ^/e on [0, 0.5] => M = 2.7. Then 
|R 4 (0.5)| < 2.7 |a 5 5 7 ° |5 = 7.03 x 10 ~ 4 => error < 7.03 x 10 ~ 4 

37. By the Alternating Series Estimation Theorem, the error is less than =4 |x | 5 < (5!) (5 x 10~ 4 ) => |x | 5 < 600 x 10 ~ 4 

=> | x | < y /6 x 10 - 2 « 0.56968 


(•5 ) 4 


24 


38. If eos x = 1 — y and |x| < 0.5, then the error is less than 

since the next term in the series is positive, the approximation 1 
Theorem 


0.0026, by Alternating Series Estimation Theorem; 
y is too small, by the Alternating Series Estimation 


39. If sin x = x and |x| < 10 ~ :i , then the error is less than (1 ° 3 , - « 1.67 x 10~ 10 , by Alternating Series Estimation Theorem; 

The Alternating Series Estimation Theorem says R 2 (x) has the same sign as — y. Moreover, x < sin x 

=4> 0 < sin x - x = R 2 (x) => x < 0 =>■ -10 -3 < x < 0. 

40. y/1 + x = 1 + | — | + ^- ... . By the Alternating Series Estimation Theorem the |error| < 

= 1.25 x 10 - 5 



41. |R 2 (x)| = 


< ——< 1.87 x 10 4 , where c is between 0 and x 


42. |R 2 (x)| = 


< yy- = 1.67 x 10 4 , where c is between 0 and x 


7-4 


43 . x = = 1 - 1 C 0 S 2 x = 1 - 1 (l - + !|í + ...) 

(»- 2 *) = í (¥-¥ + ¥-■■■) 


á_ 

dx 


_ 9y _ (2xr I (2x)i _ (2x¿ , 

Z,A 3! 1 5! 7! 1 - 


= 2 x — i2 y + yy— yy + ... = sin 2 x, which checks 


2x 2 _ 2V , 2V 
2! 4! f 6 ! 

=> 2 sin x eos x 
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44. eos 2 x = eos 2x + sin 2 x = ( 1 


( 2 x ) 2 , (2 x ) 4 
2! " r 4! 


( 2 x ) 6 , ( 2 x) s 

6 ! ' 8 ! 


+ .. 


M* 


.3 y 4 9 5 y 6 

_I— __L 

2! ' 4! 6 ! ' 


_ y _ 2x2 i 23x4 2Í 


= 1_ x 2 + 1 x 4^^x«+3Í 5 xS-... 


2 3 x 4 . 2 5 x 6 

4! ~ 6 ! 



45. A special case of Taylor's Theorem is f(b) = f(a) + f'(c)(b — a), where c is between a and b => f(b) — f(a) = f'(c)(b — a), 
the Mean Valué Theorem. 


46. If f(x) is twice differentiable and at x — a there is a point of inflection, then f"(a) = 0. Therefore, 

L(x) = Q(x) = f(a) + f / (a)(x-a). 

47. (a) f" < 0, f'(a) = 0 and x = a interior to the interval 1 =>■ f(x) — f(a) = 1 (x — a) 2 < 0 throughout I 

=> f(x) < f(a) throughout I => f has a local máximum at x = a 
(b) similar reasoning gives f(x) — f(a) = 1 (x — a) 2 > 0 throughout 1 =>• f(x) > f(a) throughout I => f has a 
local minimum at x = a 


48. f(x) = (1 - x)- 1 => f'(x) = (1 - x)- 2 =*► f"(x) = 2(1 - x)~ 3 f0)( x ) = 6(1 - x)" 4 

=>■ f< 4 )(x) = 24(1 — x) -5 ; therefore « 1 + x + x 2 + x 3 . |x| <0.1 


to ^ , to . 

11 ^ 1-x ^ 9 ^ 


(1-x) 5 


10 X 5 


<(f) 


(1-x) 5 


<X 4 (f ) 5 


the error e 3 < 


tf< 4 >(x)x 4 


< (0.1) 4 (^) 5 = 0.00016935 < 0.00017, si 


since 


f ( 4 >(x) 


1 

4! 


(1-X ) 5 


49. (a) f(x) = (1 + x) k =>• f'(x) = k(l + x) k "‘ 
=4> Q(x) = 1 + kx + x2 
(b) |R 2 (X)| = I^X 3 ! < yig =► ¡X 3 1 < yig 


f"(x) = k(k - 1)(1 + x) k_2 ; f(0) = 1, f'(0) = k, and f"(0) = k(k - 1) 


0 < x < y^i /3 or 0 < x < .21544 


50. (a) Let P = x + tt => |x| = |P — 7r| < .5 x 10 n since P approximates n accurate to n decimals. Then, 

P + sin P = (tt + x) + sin (tt + x) = (ir + x) — sin x = 7r + (x — sin x) => |(P + sin P) — 7r| 

= |sin x — x| < x io _3n < .5 x 10~ 3n => P + sin P gives an approximation to tt correct to 3n decimals. 

OO OO 

51. If f(x) = Y! o n x n , then f (k ^(x) = Y n ( n — l)(n — 2)- • -(n — k + l)a n x n ~ k and fW(0) = k! a^ 

n=0 n=k 

f (k)/Qx 

=> ak = k , for k a nonnegative integer. Therefore, the coefficients of f(x) are identical with the corresponding 
coefficients in the Maclaurin series of f(x) and the statement follows. 


52. Note : f even =)> f(—x) = f(x) => —f'(—x) = f'(x) => f'(—x) = —f'(x) => f' odd; 
fodd => f(-x) = -f(x) => -f'(-x) = -f'(x) => f'(-x) = f'(x) => f' even; 
also, f odd =)> f(-0) = f(0) => 2f(0) = 0 =» f(0) = 0 

(a) If f(x) is even, then any odd-order derivative is odd and equal to 0 at x = 0. Therefore, 
ai — a.j = a.-, — ... =0; that is, the Maclaurin series for f contains only even powers. 

(b) If f(x) is odd, then any even-order derivative is odd and equal to 0 at x = 0. Therefore, 
ao = a 2 = a i = ... =0; that is, the Maclaurin series for f contains only odd powers. 


53-58. Example CAS commands: 

Maple : 

f := x -> l/sqrt(l+x); 
xO := -3/4; 
xl := 3/4; 

# Step 1: 

plot( f(x), x=x0..xl, title="Step 1: #53 (Section 10.9)"); 
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# Step 2: 

P1 := unapply( TaylorApproximation(f(x), x = 0, order=l), x ); 

P2 := unapply( TaylorApproximation(f(x), x = 0, order=2), x ); 

P3 := unapply( TaylorApproximation(f(x), x = 0, order=3), x ); 

# Step 3: 

D2f := D(D(f)); 

D3f := D(D(D(f))); 

D4f := D(D(D(D(f)))); 

plot( LD2f(x),D3f(x),D4f(x)], x=x0..xl, thickness=[0,2,4], color=[red,blue,green], title="Step 3: #57 (Section 9.9)"); 
el := xO; 

MI := abs( D2f(cl)); 
c2 := xO; 

M2 := abs( D3f(c2)); 
c3 := xO; 

M3 := abs( D4f(c3)); 

# Step 4: 

R1 := unapply( abs(Ml/2!*(x-0) A 2), x ); 

R2 := unapply( abs(M2/3!*(x-0) A 3), x ); 

R3 := unapplyí abs(M3/4!*(x-0) A 4), x ); 

plot( [Rl(x),R2(x),R3(x)], x=x0..xl, thickness=[0,2,4], color=[red,blue,green], title="Step 4: #53 (Section 10.9)"); 

# Step 5: 

El := unapply( abs(f(x)-Pl(x)), x ); 

E2 := unapply( abs(f(x)-P2(x)), x ); 

E3 := unapply( abs(f(x)-P3(x)), x ); 

plot( [El(x),E2(x),E3(x),Rl(x),R2(x),R3(x)], x=x0..xl, thickness=[0,2,4], color=[red,blue,green], 
linestyle=[l,l,l,3,3,3], title="Step 5: #53 (Section 10.9)"); 

# Step 6: 

TaylorApproximation( f(x), view=[x0..xl,DEFAULT], x=0, output=animation, order=l.,3 ); 

L1 := fsolve( abs(f(x)-Pl(x))=0.01, x=x0/2 ); # (a) 

R1 := fsolvei abs(f(x)-Pl(x))=0.01, x=xl/2 ); 

L2 := fsolve( abs(f(x)-P2(x))=0.01, x=x0/2 ); 

R2 := fsolvet abs(f(x)-P2(x))=0.01, x=xl/2 ); 

L3 := fsolve( abs(f(x)-P3(x))=0.01, x=x0/2 ); 

R3 := fsolve( abs(f(x)-P3(x))=0.01, x=xl/2 ); 

plot( [El(x),E2(x),E3(x),0.01], x=min(Ll,L2,L3)..max(Rl,R2,R3), thickness=[0,2,4,0], linestyle=[0,0,0,2], 
color=[red,blue,green,black], view=[DEFAULT,0..0.01], title="#53(a) (Section 10.9)"); 
abs('f(x)'-'P'[l](x)) <= evalf( El(x0)); # (b) 

abs('f(x)'-'P'[2](x)) <= evalf( E2(x0)); 
abs('f(x)'-'P'[3](x)) <= evalf( E3(x0)); 

Mathematica : (assigned function and valúes for a, b, c, and n may vary) 

Clearfx, f, c] 

f[x_]= (1 +x) 3/2 

(a, b}= { — 1/2, 2¡; 

pf=Plot[ f[x], {x, a, b}]; 

polyl[x_]=Series[f[x], {x,0,l}]//Normal 

poly2[x_]=Series[fLx], {x,0,2}]//Normal 

poly3Lx_]=Series[f[x], {x,0,3]]//Normal 

Plot [ {f[x], poly 1 [x], poly2 [x], poly3 [x]}, {x, a, b}, 

PlotStyle -> {RGBColorl 1,0,0],RGBColor[0,l,0],RGBColor[0,0,l],RGBColorL0,.5,.5]}]; 
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The above defines the approximations. The following analyzes the derivatives to determine their máximum valúes. 
f'[c] 

Plot[f'[x], {x, a, b}]; 
f"[c] 

Plotif"[x], {x, a,b}]; 
f'"[c] 

Plot[f"'[x], {x, a, b}]; 

Noting the upper bound for each of the above derivatives occurs at x = a, the upper bounds mi, m2, and m3 can be defined 
and bounds for remainders viewed as functions of x. 
ml=f'[a] 
m2=-f"[a] 
m3=f"'[a] 
rl[x_]=ml x 2 /2! 

Plot[rl[x], {x, a, b} ]; 
r2[x_]=m2 x 3 /3! 

Plot[r2[x], {x, a, b} ]; 
r3[x_]=m3 x 4 /4! 

Plot[r3[x], {x, a, b} J; 

A three dimensional look at the error functions, allowing both c and x to vary can also be viewed. Recall that c must be a 
valué between 0 and x, so some points on the surfaces where c is not in that interval are meaningless. 

Plot3D|f'[c] x 2 /2!, {x, a,b}, ¡c,a,b}, PlotRange -*■ A11J 
Plot3D[f"[c] x 3 /3!, {x,a,b}, ]c,a,b], PlotRange -> All] 

Plot3D[f"'[c] x 4 /4!, {x, a, b}, ¡c,a,b}, PlotRange -► All] 

10.10 THE BINOMIAL SERIES 


1. (l+x) 1 / 2 ^l + fx+ ^y )xi + ^ ( 2)x3 +... = l + ix-|x 2 +ix 3 - 


2 . (1 + x)i/3 = 1 + í x + ÍÍIHIa: + (?)(-|(-?) x3 + ^ = i+i x - 1 x 2 + |x 3 - 


3. (1 - x)- 1 / 2 = 1 - i (—x) + ( * )2 + ( 2)( 2)( xr + ... = l + ix+¡x 2 + ^x 3 


4. (1-2X) 1 / 2 = 1 + i(-2x) + 


íiLhtl±M i (t>H)H) ( - 2x)3 


+ ... = l- x- ^x 2 -|x 3 


5. (l + |)-^l-2 (j) + ^g#»r + | - 2 ’ ( - 3 r 4)(S) + ■■■ =i-x+lx^-lx» 


6. (I - j) 4 = 1 + 4 (- j) + '» + <- » + 0 + ... = 1 - fx + j x» - ± 

7. (1 -t-x 3 )”” = 1 - 7x 3 + f = 1 - ix 3 + ¡x 6 - + ... 


g (1 | x 2 )~ 1/3 = 1 1 X 2 | H) (-?) O 2 )' | H) (zl) (~l)( x 2 ) 3 ^ — 1 1 „2 _g2 14 


+ . .. = 1 - 4 X 2 + | X 4 - X b 


O ri | n 1 / 2 _ i | i m | q )(-^)( 4 ) 2 | ( ilblHzlHil ! , - 1 + A_^ + ^ + 

y -V i + xl — i + 2lxl + 2! + 3! +•••— 1 + 2x 8x 2 + 16x 3 ‘ ’ 
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io. =x(i+xr 1/3 = x(\- (-') x+ tMplÉ. + Hlk 


lili 


3! 


I)x S 


+ . 


— y _ Iy 2 4- 2 y 3 _ 14 y 4 

A ^A I g A gl A 


H. (l+x) 4 = l+4x+« + <«M + mxí = 1+4 X + 6 x 2 +4 X 3 + x 4 

12. (1 + x 2 ) 3 = 1 + 3x 2 + Mi! + 2iM¿ = 1 + 3x 2 + 3x 4 + x 6 

13. (1 - 2x) 3 = 1 + 3(—2x) + (3)(2) *~ 2x)2 + (3)(2)( 3 ) , ( - 2x)3 = 1 - 6x + 12x 2 - 8x 3 

14 . (1 — |) 4 =l+4(—|) + gs>ip]l + mqk l£ + <-X3)g>.) (- i)' ^ ! _ 2x + | x x _ 1 x » + J, 


r 0 - 2 r° 2 

15. J o sinx 2 dx= / fx 2 - x 




x_ I X_ 

3! ^ 5! 


•••) 


dx = 


íl _ x I 
3 7-3! -r * * ‘ 


0.2 

„3' 


X 

0 

3 


0.2 


0.00267 with error 


J o 


|E¡ < % « 0.0000003 


r 0.2 

16. f 

JO x 

= h+ 


dx = 


X"í( l ^ x+ a-S + ® 


>)<*■=/:t 


1 + t~A + Í4~-" l dx 


18 


+ ... 


0.2 


-0.19044 with error |E| < ^ « 0.00002 


17 - /o° 1 7TT7 dx= X° 1 ( 1 -T + f -•••) 


dx = 


-i o.i 


J o 


[X] 


0.1 


0.1 with error 


|E| < ^ = 0.000001 


rU.ZO , - p0.25 / 2 4 

18. X VTTx 2 dx = J o (l + y-|- + ... )dx = 


x 4 . í: _ _l 
X ' 9 45 + • • • 


0.25 


J 0 


X + 


0.25 


0.25174 with error 


J o 


|E| < « 0.0000217 


pO.l />0.1 

19 / smx d 

Jo x 


1 _ X_ K. _ X_ 
1 3! ' 5! 7! 


...) dx = 

0.0999444611, |E| < ^ « 2.8 x 10“ 12 


y A I A A 

A 3-3! ^ 5-5! 7-7! 


0.1 

0 


3-3! 1 5-5! 


0.1 
J 0 


20 


. X" ‘exp(-x0 * = f (l - x J + 4 - ¿ ¿ - ...) 


dx = 


- o.i 

- o 


0.0996676643, |E| < « 4.6 x 10“ 12 


xi _ xl 

10 42 


- 0.1 
- 0 


21. (1 + x 4 ) 1/2 = (l ) 1 / 2 + M- (l)-l/2 ( x 4) + ílli i) (l)-3/2 ( x 4) 2 + (!) ( i) ( !) (l)-5/2 ( x 4) 3 


(!) (-!) (- 1 ) (- 1 ) 
4! 

r»o.i 

’ 1 + - - 
1 ^ 2 


(l)-V2(xY + ...=l + í-í + f-^ + ... 

0.1 


16 128 


+ ... dx 


X + 


10 


J o 


0.100001, |E| < « 1.39 x 10~ n 


22 . 




i_xlix:_x:+x!__ 

2 4! ' 6! 8! ' 10! * * * 1 UA 


x _ a- , _3T__I 

2 3-4! ^ 5-6! 7-8! “ r 9-10! 


- 1 
- 0 


0.4863853764, |E| < w 1.9 x 10 


— 10 


23. £ cost 2 dt=/ o 1 (l-| + | í -^+...) 


dt = 


t - 


10 1 9-4! 13-6! 


1 

J 0 


|error| < « .00011 
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f 0 1 cosVtdt = f 0 1 (l-¡ + f ! -Í ! + Í ! -...) dt = [t - 5 + 3 ^ 


_t 1 . t 5 

3-4! 4-6! ^ 5-8! 


|error| < « 0.000004960 


„ „ r x / r, t 6 t 10 *14 \ . r t 3 *7 J1 J5 

5. F(x) = J 0 (t — 3 Í+ 5 T Tr - * - ***^ dt= J — 737 + IT5T — T577J + • • • 


x_ _ JL_|_ x XJ 

3 7-3! ^ 11*5! 


error < 


¡ 0.000013 


, s rv o A f6 *8 JO J 2 \ , |\3 *5 *7 *9 J 1 J 3 

T Flxl — I i -4- — — — -— — í— -L | H t — í_ — L_ -L _í— — —— -L- _í- — — - -L 

V ; Jo V ^2! 3! ' 4! 5! T • • • J 3 5 ~r 7 . 2 , 9 . 3! “ n-4! 13-5! ^ * * * 


x 3 x 5 I x 7 X 9 I x 11 

T _ y + 7^2! — 94! + U4! 


error < 


: 0.00064 


27. (a) F(x) = / 0 X (t-f+ + -.)dt= + =* I 

(b) | error | < ^ « .00089 when F(x) + - + (-1 ) 15 5^55 


error| < ^ « .00052 


28. (a) F(x) + í + t ~ ¿2 + í 


jL _ Ji , Ji. 

3.3 44 "t" 5-5 


I error I < ^ « .00043 


(b) | error | < 552 ~ .00097 when F(x) wx-^ + ^ — ^ + ... + (-1 ) 31 


29. ¿ (e x - (1+x)) = ^ ((l+x + 

x ™o V 2 3! 4! ) ‘ 


X 2 X 3 

X 1 X 

2 ~ r 3! 


■O-—)- 


= i + A _L x! 
2 ' 3! ' 4! 


1 _L A _L x: 

2 T 3! T 4! 


y 2 y 3 y 4 y 5 
1 y _ I X _ X I X 

' X 2 2 ' 3 2 4 2 + 5 2 


e x — (1 + x) 


30. 1 (e x — e _x ) — x [( 


1+x+|t + |t + |t + 


■-)-( 


1 _ X _|_X_I X_ 

'2! 3 ! ~ 4! 


_ 9 1 2x 2 1 2x 4 1 2x 6 1 

^ ' 3! ' 5! 1 71 ' 


( 2x +¥ + ¥ + ¥ + 


lim eX ~ e x = lim |2+ — + — 4- — + 
x _ () x x-Hoo + 3! + 5! + 7! + 


1. i (l - COS t - §) = i [l - | - (l - | + £ - £ 

= (-Í! + £-£ + •••) =^2? 


. 1 + Ü _ £_ 
4! “ 6! 8! 


32. gj (-0 + \ + sin e"j - ^ (-0 + f‘ + 0- §T + § 7 ----) — 57 — fr 

= (fí - ^ + ir ----) =m 


+ - - 
-i- 9! 


= lim i. - r + T. 
0 _ o V 5! 7 - 9! 


9 ~ 9 +(t) 


33. i (y - tan 1 y) = i y - (y - ¿ ¿ - 


- I _ r , t _ 
3 5 ~ 7 


lim y ~T ly = lim f 1 - 

y^0 r y^O V 


zl + r 


tan 1 

y — sin y 

= ÍL 

y 3 , y 5 

3 ' 5 

(y- 

y 3 , y 5 

' 3 ! "F 5 ! 

L 

1 

1 

+ 

'Vi'® 

1 

_1 23 ¿_ \ 

6 ^ 5 ! ’) 

y 3 

eos y 



y 3 eos y 



y 3 cos y 

cos y 

=> 

lim tan 

sin y _ 

lim 

1 , 23 y 2 

6 ' 5 ! 

L 

_ 1 



O 

T 

>> 

y° eos y 

y ~* o 

cos y 


6 


* ( 

-1 + e' 

-l/x^ 

= x 2 

(-1 + 1 - 

1 4 . J_ _ 

x 2 + 2 x 4 

1 

6 x 6 

+...) = -i + ¿ - 

_ i + 

6 x 4 + • ’' ' 

X 

lim ( 

—> oo y 

-1 + 

1 

2 x 2 

6 ? + •••) 

= -1 





=4 lim x 2 fe" 1 /^ - O 

X —> OO \ / 
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36. (X + 1) sin ( x+ J ) ( X +I)(x + 1 3!(x+ l) 3 5!(x+l) 5 •••) 1 3!(x+l) 2 5!(x+l) 4 

=* x'iTfo ^ X+1 ) SÍn (íTl) =x 1 i m oo O-áióíW + SióíW--) =1 


ln (1 + x 2 ) _ 


x 2 -^ + #-. 


„2 „4 

i-V + V-. 


lim ^ + x ^ = lim 

X —X 0 1 - eos X X —► 0 


= 2 ! = 2 


38- 


_ (x — 2)(x + 2) 

í(x-2,-<^¿ + <^ 


_ x -|~ 2 _ 

. i (x-2) 2 


liixi -1_ 

x_> 2 In(x-l) 


— lirn _ x +2 _ — 4 

x™ ri_x=i + s^¿_...| 


39. sin3x 2 = 3x 2 — |x 6 + fix 10 — . . . and 1 — cos2x = 2x 2 — Ix 4 + 4x 6 


3x 2 _ ? x <5 + 81 x 10 - 
ja 2 a ^ 40 a 

0 2x 2 -|x4 + ¿x<i-. 


= lim 


3 _ 2 X 4 4- — X 8 - 5 

J 2 a ' 40 a • • • _ d 


0 2-|x2 + ¿x4-, 


40. ln(l + x 3 ) = x 3 — y + \ + . . . and xsinx 2 = x 3 — £x 7 + -r^x 11 - ¿x 


n X 3_I X 7 I _L X 11_1_ x 15 _i_ 

■ U A 6 a ' 120 a 5040 a ^ • 


1 _ i! —1— íl _ xi + 

— lim ___ 2 ^ 3 _ 4 ' ' ' ' _ _ 1 

— 111U A 1 _ i x 4 j_L x 8_I_ Y 12 4- _ 1 

X —» U 1 6 A ' 120 X 5040 X + • • • 


i • ni i T a 

lim —^— T 

x _ > q xsinx z 


41. 1 + 1 + + ji + jí + ... — e 1 — e 


42- ü) 


ur+ur+- 


1 1 _ J_4 _ J_ 

64 1 - 1/4 — 64 3 — 48 


¿o 1 _ Jí_ i __ 3' 5 , — 1 _ 1/3\ z , 1/33 4 _ 1/3 

1 4 2 2! ' 4 4 4! 4 6 6! * 1 2! V47 _r 4! V47 6! V4 


Ul) 2 + ^íl) 4 -4 f (3) 6 + ... =cos ( 


44 . \ - ¿h + 3^3 - 431 + • ■ • - Q) - 2(5) + Hl) 3 ~ HD +••• -ln(l +j) -ln(|) 


3 3 3 3! " r 3 5 5 ! 3 7 7! 


^ + ...=f-i(f) 3 + i ( | ) 5 -i ( f ) 7 + ...=si n( f) = 


46- l-| 5 + ^-^ + ---=(!)-Kl) 3 + Kl) 5 -Kl) 7 + ---=tan- 1 (|) 

47. x 3 + x 4 + x 5 + x 6 + ... = x 3 (l + x + x 2 + x 3 + ...) = x 3 (y^) = y 2 ^ 


48. 1 — + • • • = 1 — Ir(3x) 2 + if(3x) 4 - ¿(3x) 6 


+ ... = 1 - (3x) + jí(3x) - g,(3x) + ... = cos(3x) 


49. X 3 — X 5 + X 7 — X 9 + . . . = X 3 ^1 — X 2 + (x 2 )“ — (x 2 ) 3 + . . . 'j = X 3 (y4-i) — y^ 

50. x 2 ^2x 3 + 2 ^^ 2 ^ + 2 ^-...=x 2 (l-2x + i¥ -¥ + ¥-■■■) 


51. —1 + 2x — 3x 2 + 4x 3 — 5x 4 + ... = ^(1 — x + x 2 — x 3 + x 4 — x 5 + ...) = (y^) = ^— l - 


52- 1 + § + f + Í + Í 


= -í(- x -T-T-7-T---)= -Ml- X ) 
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53. ln 


(|±í) =ln(l+x)-ln(l-x)= (x~f + £-£ + •••) - (-x- 


■)= 2 ( x +f + T + 


2 3 4 í i \n— l„n 

54. ln(l+x) = x—y + y — y + ... +^ r JL +-“ 
ñlo 5 < i¿s => nlO n > 10 8 when n > 8 7 terms 


error = 


(-i f-y 


= when x = 0.1; 


55. tan I x = x- 2 ^ + 2 |-- í V + í 5 --...+ 


(-l)”- 1 x 2 ' 
2n—1 




= when x = 1 ; 

2n—1 ’ 


2n—1 ^ 10 3 


n > 


1001 


= 500.5 => the first term not used is the 501 s1 


2n—1 

we must use 500 terms 


56. tan- 1 x = x^f+ + f-... 


2n— 1 


... and lim 

n —► oo 


x 2n+1 2n - 1 


2n+l x 2 “-> 


= x" lim 


2n — 1 | _ x 2 


OO I 2n + 1 

tan -1 x converges for |x| < 1 ; when x = — 1 we have ¿ (—y which is a convergent series; when x = 1 


we have f 2 n-i which ¡ s a convergent series => the series representing tan 1 x diverges for |x| > 1 

n=l 


57. tan 1 X = X — y + y — y 


- ... + 


(-lf-'x 2 " 
2n — 1 


... and when the series representing 48 tan 1 (^) has an 


error less than y • 10 , then the series representing the sum 

48 tan -1 (yg) + 32 tan -1 (i) — 20 tan -1 ( 255 ) also has an error of magnitude less than 10 -6 ; thus 
|error¡ = 48-yy—— < yyy =>- n > 4 using a calculator => 4 terms 


58. ln 


(secx) = / o tantdt=/ o (t+f + ^ + ...)dt«f + ^ + ^ + ... 


59. (a) (1 - x 2 )' 1/2 «l + y + ¥ + ¥ =► sin- 1 x 


lim 

n —> 00 


2 1 8 1 16 

1- 3-5 • -(2n - 1 )(2n + l)x 2n+3 2-4-6- ■ ■(2n)(2n + 1) 

2- 4-6- ■ •(2n)(2n + 2)(2n + 3) ' 1-3-5- ■ -(2n - l)x 2n ' 1 


x + t;- + =yy + ; Using the Ratio Test: 


< 1 


x 2 lim 

n —» oo 


(2n + 1 )(2n+1) 


|x| < 1 => the radius of convergence is 1. See Exercise 69. 


(b) £ (eos 1 x) = — (1 — x 2 ) 1/2 


Sin X : 


( 


(2n + 2)(2n + 3) 


„i r , 3x2 i Jx 

A ~ 6 ~ 40 ~ ' 1 "> 


< 1 


5x2\ 

112 J 


X ~ 6 


3x2 

40 


5x2 

112 


60. (a) (1 + 1 2 ) 1/2 « (1 r 1 / 2 + (- |) Cl) 3/2 (t 2 ) + ( l)( ^J 1) 5/2 (t2 ) 2 + ( 0 ( I) ( 3 ¡ l) U 2 ) 3 


_ I _ £ , JSd_ _ 351^ 
~ 1 2 ' 2 2 -2! 2 3 -3! 


(b) sinh -1 (y) 


| — ^4 + íoióó = 0-24746908; the error is less than the absolute valué of the first unused 


term, , evaluated at t = 2 since the series is alternating => | error| < ^ 


12 


2.725 x 10 -6 


61- ffr. 


i 


= -1 + x - x 2 


1 - (-x) 

= 1 - 2x + 3x 2 - 4x 3 + ... 


=► á(lTi) = TT1P = £(-l+x-x 2 +x 3 -...) 


62. y^j = l+x 2 +x 4 + x 6 + ... =► = ¿(1+X 2 +X 4 +X 6 + ...) =2x + 4x 3 + 6 x 5 + ... 
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63. Wallis' formula gives the approximation 7r 


4 


2-4-4-6-Ó-8- • -(2n — 2)-(2n) 
3-3-5-5-7-7---(2n-l)-C2n- 1) 


to produce the table 


n ~ 7T 


10 

3.221088998 

20 

3.181104886 

30 

3.167880758 

80 

3.151425420 

90 

3.150331383 

93 

3.150049112 

94 

3.149959030 

95 

3.149870848 

100 

3.149456425 


At n = 1929 we obtain the first approximation accurate to 3 decimals: 3.141999845. At n = 30,000 we still do 
not obtain accuracy to 4 decimals: 3.141617732, so the convergence to 7r is very slow. Here is a Maple CAS 
procedure to produce these approximations: 
pie := 
proc(n) 
local i,j; 

a(2) := evalf(8/9); 

for i from 3 to n do a(i) := evalf(2*(2*i—2)*i/(2*i—l) A 2*a(i—1)) od; 

L!j,4*a(j)] $ 0 = n-5 .. n)] 


64. (a) f(x) = 1 + E(k) xk ^ f '( x ) = E(k) kxk_1 => (l + x)-f'(x) = (l+x)E(^)kx k - 1 

k=l k=l k=l 

oo oo oo oo oo oo 

= E(”)kx k - 1 +x-E(”)kx k - 1 =E(”)kx k “ 1 +E(”)kx k =(T)(l)x 0 + E(k)kx k - 1 +E(")kx k 

k=l k=l k=l k=l k=2 k=l 

oo oo oo oo 

= m + E ( k )kx k ” 1 + E (™ )kx k Note that: E (k)kx k -‘ = E ( k E)(k + l)x k . 

k=2 k=l k=2 k=l 

oo oo oo oo 

Thus, (1 + x) • f'(x) = m + E (k')kx k_1 +E (™)kx k = m+ E (k+ 1 ) (k + 1) x k + E (™)kx k 

k=2 k=l k=l k=l 

OO -I oo 

= ™ + E (^.Xk + D^ + tí )^ 1 = ™ + E ((k+i)( k + i) + (k) k ) xk ■ 

k=l J k=l J 

Note that: (^(k+l) + (“)k = m ' (m ~ 1) "¿^, (k+1)+ (k + 1) + ■°-(m-iMm-k+i) k 

_ m-(m-n-..(m-k) m(m-l) — (m-k+ 1) ^ _ m-(m-l)--(m-k+1) _j_ _ m m-(m-l) — (m-k+l) _ 

OO -1 OO 1 oo 

Thus, (l+x).f'(x)= m+E (( k E)(k+l) +(”)k)x k = m + E (m(“) )x k =m + mEC)x k 

k=l J k=l J k=l 

= mil + £(?)x k ) = m • f(x) =X f'(x) = 2|fif- 1 <x<l. 


(b) Let g(x) = (1 + x) m f(x) => g'(x) = —m(l + x) m f(x) + (1 + x) m f'(x) 

= —m(l + x) _m_1 f(x) + (1 + x)' m • = —m(l + x)' m_1 f(x) + (1 + x) _m_1 • m • f(x) = 0. 

OO 

(c) g'(x) = o g(x) = c => (1 +x) _m f(x) = c => f(x) = ° r - = c(l +x) m . Since f(x) = 1 + E(“) xk 

V ’ k=l 

oo 

=x f(0) = 1 + E(k)(0) = 1 + 0= 1 =*c(l +0) m = 1 => c= 1 => f(x) = (1 +x) m . 


65. (1-x 2 ) 1/2 = (1 + (-x 2 )) 1/2 = (I)- 1 / 2 + (- i) (I)- 3 /? (—x : 
(~á (~l) (-l)dr 7/2 (-x 2 ) 3 


M) (-i),ir^(-C) 2 

2 ! 


+ 


= 1 + - 
i -r 2 


l-3x' , l-3-5x 6 , _ i i V' 

2 2 -2! ‘ t ‘ 2 3 -3! — 1 "T" 


1-3-5 - (2n-l)x 21 
2”-n! 
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=> sin 1 x = 




- 1/2 


dt = 


1 + E 


1-3-5- ■ -(2n — l)x 21 
2 n -n! 


dt = X+g 1-3-5—(2n— l)x 2n+1 


2-4---(2n)(2n+ 1) 


where Ixl <1 


J »oo pa 

x T TW = f x 


_W_ 
+ (?) 


J »cso 


i _1_ _I 

t ^ 3t 3 5t 5 ^ 7t 7 


=r<j-?+?-F+-) 

=* tan- 1 x= f - l + ¿ - ¿ + ... ,x> l;|tan-‘t]'„ = tan-‘x+f = f__ jf. 


dt = lim 

b —> oo 


J_ 4. J_L + 

3x 3 ^ 5x 5 7x 7 ' ‘' ' 


- i; m r_I + A^A + 2__ 

- b L t + 3? 5t 5 ' 7t 7 

X < -1 


— — 7 + r73 — + =t> tan 1 x — — ^ — i + 


+ . 


67. (a) e 17r = eos (— 77 ) + i sin (— 77 ) = — 1 + i(0) = — 1 

(b) e i7r / 4 = eos (|) + i sin (f) = ^ ^ = (^) (1 + i) 

(c) sT™! 1 = eos (— |) + i sin (— |) = 0 + i(— 1) = —i 


68. e 10 = eos 9 + i sin 0 => e 10 = e 1( 0) = eos (— 9 ) + i sin (—0) = eos 9 — i sin 0; 

e 10 + e -10 = eos 9 + i sin 9 + eos 9 — i sin 9 = 2 eos 0 => eos 0 = ^ \ e ; 

e 10 — e -10 = eos 9 + i sin 9 — (eos 9 — i sin 9) — 2i sin 9 => sin 9 = e ‘ 8 ~ ¿ e 


69. e x = 

e -¡ 0 


1 Y 2 Y 3 Y 4 

l+X+27+3y + ? y + .. 

_ 1 _ \ ñ , (-i ef , (-iff) 3 , c-ig) 4 

1 1(7 ' 2! ' 3! ' 4! 

e lg + e' 


(í + ie + ^ + sff + í^ 


e i0 

"4Í + 

sal 1 

4! “T 


= 1+10+^ + ^ + ^ + ... and 

- 1 ifl I tig) 2 (jg) 3 I (jg> 4 

• • 1 1,7 "t - 2! 3! ' 4! 

)•(, + •-) 


= 1 


tP 

2! 4 4! 


H + ... = eos 0; 


(l+itf+^ + w 3 


tr + ^ + -)-(i-ie + ^ ■ 


2i 


70. e 10 = eos 9 + i sin 9 => e 10 = e 1 ^ ^ = eos (— 9 ) + i sin (—0) = eos 9 — i sin 9 

(a) e 10 + e~ 10 = (eos 9 + i sin 9) + (eos 9 — i sin 9) = 2 eos 9 => eos 0 = e ‘ 84 / e ‘ 8 = cosh i 9 

(b) e 10 — e~ 10 = (eos 9 + i sin 9) — (eos 9 — i sin 9) — 2i sin 9 => i sin 9 = e ' e ~ e — sinh i 9 


71. e x sinx = (l + x + §[ + || + % + .. 
= (l)x + (l)x 2 + (-i + i)x 3 + (- 
e x • e lx = e ( l+ 7 x = e x (eos x + i sin x) 


x — S-4-S- — ^-4- 
A 3! ' 5! 7! ' ‘' 


g + g) X 4 + (i^- i + i) x 5 + ... - x + x 2 + i x 3 - i x 5 + ... ; 
= e x eos x + i (e x sin x) => e x sin x is the series of the imaginary part 


of e( 1+i > x which we calcúlate next; e^ = £ ™ = 1 + (x + ix) + + ... 

n=0 

= l+ x + ix+i (2ix 2 ) + T (2ix 3 — 2x 3 ) + ¿ (—4x 4 ) + i (—4x 5 — 4ix 5 ) + ¿ (—8ix 6 ) + ... => the imaginary part 
of e (1+ d x is x + |j x 2 + x 3 — jj x 5 — |f x 6 + ... =x + x 2 +jx 3 -j)X 5 -^x 6 + ... in agreement with our 
product calculation. The series for e x sin x converges for all valúes of x. 


72. ^ (e (a+lb) ) = ^ [e ax (cos bx + i sin bx)] = ae ax (cos bx + i sin bx) + e ax (—b sin bx + bi eos bx) 
= ae ax (cos bx + i sin bx) + bie^cos bx + i sin bx) = ae (a+lb ^ x + ibe^ a+lb ) x = (a + ib)e^ a+lb ^ x 
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73. (a) e'^e 16 ' 2 = (eos 9\ + i sin 0i)(cos 9-2 + i sin 92) — (eos 0icos 0 2 — sin 0isin 02) + i(sin 0icos 02 + sin 02cos 9\) 

— cos(0i + 0 2 ) + i sin(0i + 0 2 ) = e‘^ 1+e 4 

(b) e~ l8 = cos(—0) + i sin(—0) = eos 0 — i sin 0 = (eos 0 — i sin 0) ( cos f + i s ? n ^ ) = — * . = \ 

74. e( a+bi ) x + Ci + iC 2 = e ax (cos bx + i sin bx) + Ci + iC 2 

= (a eos bx + ia sin bx — ib eos bx + b sin bx) + Ci + iC 2 

= a2 e " b , [(a eos bx + b sin bx) + (a sin bx — b eos bx)i] + Ci + iC 2 

_ e“(a eos bx + b sin bx) , ^ , ie^ía sin bx — b eos bx) , ir^ . 

~ -FTP-+ Ti H p-pF-h iC 2) 

e (a+bi)x _ e ax e ibx _ e ax( cos _|_ j s j n b x ) = e ax eos bx + ie 3 * sin bx, so that given 
f e ( a+bi ) x dx = Ég¡| e (a+bi)x + Cl + iC2 we conclude that Je ax eos bx dx = ^ co a bx + b sin bx) + Cj 
and f e ax sin bx dx = gm(asin a bx + ~ bcosbx) + C 2 

CHAPTER 10 PRACTICE EXERCISES 

1. converges to 1, since n lirn^ a n = n Hm^ ^1 + = 1 

2. converges to 0, since 0 < a n < , n lirn^ 0 = 0, n lirn^ = 0 using the Sandwich Theorem for Sequences 

3. converges to — 1, since lim a n = lim í 1 T 2 " ) = lim (4 — l) = — 1 

4. converges to 1, since n lirn^ a n = n [im^ [1 + (0.9)”] = 1 + 0 = 1 

5. diverges, since {sin ^} = {0,1,0, —1,0,1,... } 

6. converges to 0, since {sin níT} = ¡0,0,0,... } 


7. converges to 0, since lim a n = lim = 2 lim = q 

8. converges to 0, since lim a n = lim ln(2n+1) = lim ^ 2n , + 1 ^ = 0 

1 + (n) 

9. converges to 1, since lim a n = lim ( 11 + ln n ) = lim —)— = 1 

° n —> oo n —> oo x n / n —» oo i 

3 ( ^ 

10. converges to 0, since lim a n = lim ln(2n +1) = lim , + 1 ^ = lim P) = lim 2 = 0 

11. converges to e -5 , since lim a n = lim = lim + = e -5 by Theorem 5 

12. converges to - , since lim a n = lim (1 + -) n = lim . 1 1Nn = - by Theorem 5 

13. converges to 3, since lim a n = lim (— n = lim -4 = \ = 3 by Theorem 5 

& n ^ oo n —» oo ' n/ n —> oo n 1 /» i J 

( o \ 1 /n , 'il/n i 

-) = lim T/r = j = 1 by Theorem 5 

n / n —> oo n 1 -'” 1 J 
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15. converges to ln 2, since lim a„ — lim n(2 1/n — 1) = lim 

^ n —» rvi 11 n —» <yi v 7 n —» rv 


= 2 o • ln 2 = ln 2 


2'/ n - 1 


= lim 

n —> oo 


(-2 '/“i 


d 


lim 2 1/n ln 2 

n —> oo 


16. converges to 1, since lim a n = lim ^2n + 1 = lim exp ( ln(2n+ 1) N ) = lim exp ( ^f 1 ) = e° = 1 

° n —> oo n —> oo v n —> oo r \ n y n ^ oo r \ i / 

17. diverges, since lim a n = lim — \[ m (n + 1) = oo 

& n ^ oo n ^ oo n! n —> oo v 7 

t _a\n 

18. converges to O, since lim a n = lim -—4 = O by Theorem 5 

° n —> oo n —» oo n! J 


fT'i Al 

(A ( II 


( II ( 


( i') ( i'i 

1A ( 

1 _ Id Id „ _ 

Id vd 

_ 1 _ 

Id Id 

_ 1 _ 

vd Id 

_ Id v 

(2n — 3)(2n — 1) — 2n-3 2n-l !>n — 

3 5 

1 

5 7 

-r ... T 

2n - 3 2n - 1 

— 3 2n 


=> lim s n 

n —> oo 11 


lim 

n —> oo 


1 

6 



2n — 1 


1 

6 


20 . 


-2 _ —2 


n(n+l) 


- + ÍTT s * - (“T + I) + (t + 1) + ••• + (ir + ÍTl) “ - f + ÜTT ^ n^íPoo Sn 


= lim (—1 H—xt) = —1 
n —> oo ' n+ 1 ) 


21 . 


_ 3 


(3n-l)(3n + 2) — 3n - 1 3n + 2 

— 5 — —-— =6- lim s = lim (- — —-— ) — - 

2 3n+2 ^ ndoo n n-3oo V2 3n + 2l 2 


Sn=(I-I) + (l-I) + (l-Á)+-+tó^3^) 


2 ? _=»_ = _= 3 _ , = (=2 , Al + (=2 , 2 \ , (=2 , 2 _\ + + 

(4n — 3)(4n + 1) 4n-3 ^ 4n+l ^ V 9 ^ 13 ) ^ \ 13 ^ 17 ) ^ V 17 ^ 21 ) ^ ^ V4n-3 ^ 4n+ 1/ 


— — - -4- —-— lim s — lim (— — -i- —-—^ = — ~ 

9 ^ 4n+l ^ n -H oo n n “ oc V 9 ^ 4n+l) 9 


23. e n = ^2 ^ , a convergent geometric series with r = ^ and a = 1 => the sum is —dp- = pdf 

«—n n 1 — ( ~ ) 


oo oo 

24. ^2 (— l) n 4 = ( — 1) (x)” a conver g en t geometric series with r = — | and a = =p =>• the sum is 

n=l n=0 



25. diverges, a p-series with p = | 

OO OO 

26. — = — 5 d diverges since it is a nonzero múltiple of the divergent harmonic series 

n=l n=l 

27. Since f(x) = 77172 => f'(x) = — < O => f(x) is decreasing => a n+ i < a n , and ^ lim^^ a n = n lim^ = O, the 

OO n OO 

series 1 ’’ converges by the Alternating Series Test. Since 7 diverges, the given series converges conditionally. 

n=l v n=l v 

28. converges absolutely by the Direct Comparison Test since ¿ < 4 for n > 1, which is the nth term of a convergent 
p-series 
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29. The given series does not converge absolutely by the Direct Comparison Test since h|| 1 + > ^j-¡-, which is 
the nth term of a divergent series. Since f(x) = t) => f'(x) = — (ln(x + 1 1 ) y (x+ ^ < 0 => f(x) is decreasing 
=> a n+ i < a n , and ^ Mrn^ a n = n lini^ ln1 > = 0, the given series converges conditionally by the Alternating 
Series Test. 


J »oo nb 

,2 x 2 dx = lim 

2 x(ln x) 2 h íY! J 2 


I — 7¡ TT UA 11111 I —7¡ TT Al A. 11111 

>2 X(lnx) 2 bmoo J 2 x(lnx) 2 b -» oo 

converges absolutely by the Integral Test 


dx = J Ín L H ln x > ^2 = - bü™, (íITb ^ ÜT2) = ÍIT2 => the : 


31. converges absolutely by the Direct Comparison Test since ^ , the nth term of a convergent p-series 

32. diverges by the Direct Comparison Test for e n ° > n => ln (e n °) > ln n => n" > ln n =>■ ln n 11 > ln (ln n) 

=> n ln n > ln (ln n) => ln 1 ° n 11 > i , the nth term of the divergent harmonic series 


1 

33. n lirn^ Vn\/n 2 + C _ ^^ljrn^ = y/l = 1 =>■ converges absolutely by the Limit Comparison Test 


34. Since f(x) = -S-r =>• f'(x) = —V < 0 when x > 2 => a n+ i < a n for n > 2 and lim + . = 0, the 

v ' x J + 1 x / ( x 3 +1) — T — n —> oo n 3 + 1 

series converges by the Alternating Series Test. The series does not converge absolutely: By the Limit 
Comparison Test, n lim^ ^ n lim^ rj f í ^y = 3. Therefore the convergence is conditional. 


35. converges absolutely by the Ratio Test since n liny 


n+2 n! 


(n+1)! n+1 


n + 2 

iliil 7-TTÑ2 

meo (n + 1) 2 


= lint 


= 0 < 1 


36. diverges since lim a n = lim ^r4 ,^ n + P does not exist 

° n —i oo n m oo 2n 2 + n - 1 


37. converges absolutely by the Ratio Test since n lim^ 


3 11+1 n! 


(n + 1)! 3“ 


= lim -y¡- = 0 < 1 
n —> oo n+ 1 


38. converges absolutely by the Root Test since ^lim^ = n hm o y ^ir = n n = 0 < 1 


39. converges absolutely by the Limit Comparison Test since n hrn^ 


f i > 
KnVlj 


,yn(n+ l)(n + 2 )J 


l im + 2) = l 


n —> oo n 


40. converges absolutely by the Limit Comparison Test since lim 


1 



( 1 1 

\n\/n 2 - 



lim = 1 

n —► oo n 


41. lim 

n —> oo 


U n +1 


< 1 => lim 

n —> oo 


(x + 4) n+1 n3" 


(n+l)3 n+1 (x + 4) n 


< 1 => l x + 4 ' lim (—S-r) < 1 =► |x + 41 < 1 

j n—»oo'n+l/ 3 


|x + 4| 


=> |x + 4¡<3 =>• — 3 < x + 4 < 3 => —7 < x < —1; at x = —7 we have Y ( ¿l 3 = Y . the alternating 


n=l n=l 

oo oo 

3 n 


harmonic series, which converges conditionally; at x = — 1 we have ^2 = ^2 \ , the divergent harmonic series 


n=l n=l 


(a) the radius is 3; the interval of convergence is —7 < x < — 1 

(b) the interval of absolute convergence is —7 < x < 1 

(c) the series converges conditionally at x = —7 
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42. lim 

n —> oo 


U n +1 

<r"' 1 — 2 > lim 

(x-l) 2 " 

(2n—1)! 

U n 

\ 1 —r 11111 

n —> oo 

(2n+l)! 

(x-l) 2 "- 2 


< i 


(x — l) 2 lim J prr 

n —> oo (2n)(2n+l) 


= 0 < 1, which holds for all x 


(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no valúes for which the series converges conditionally 


<1 => |3x lj n lirn o <1 => 13x 11 < 1 

OO _. oo ~ _, 

=+ — 1 < 3x — 1 < 1 =>■ 0<3x<2 =+ 0<x<|;atx = 0we have J2 (-1> — 

11=1 n=l 

oo 

— —^2 i . a nonzero constant múltiple of a convergent p-series, which is absolutely convergent; at x = | we 

n=l 

¿2^ i—v-' (—i y 1-1 

have 5 - 5 —- = -—¡¡— , which converges absolutely 

11=1 n=l 

(a) the radius is \ ; the interval of convergence is 0 < x < | 

(b) the interval of absolute convergence is 0 < x < | 

(c) there are no valúes for which the series converges conditionally 


43. lim 

n —> oo 


< 1 => 


lim 

n —> oo 


(3x — l) n+1 n- 
(n+1) 2 (3x — 1 ) n 


44. lim 

n —> <x) 


%+l 

U, 

2x+ 1 


< i =>• 


lim 

1 —> 00 


n + 2 (2x + l) n+1 2n+ 1 

2n + 3 2 n+1 ’ n+1 


2" 


(2x+ l) n 


< 1 => 


|2x+l| 


lim 


n + 2 2n + 1 I 


oo I 2n + 3 n + 1 


< i 


(1)<1 => |2x+l|<2 => — 2 < 2x + 1 < 2 =+ -3<2x<l => -§<x<|;atx = 


OO n °° n 

2 n+\ * = S ( ~ 2 n + t which diverges by the nth-Term Test for Divergence since 


oo oo 

lim (+ ! py) = \ 0; at x = | we have ' is = Ssy+T > which diverges by the nth-Term Test 

n=l n=l 

(a) the radius is 1; the interval of convergence is — I < x < I 

(b) the interval of absolute convergence is — I < x < \ 

(c) there are no valúes for which the series converges conditionally 


| we have 


45. 


lim 

n —> oo 


Un+l 


< 1 =► 


lim 

n —> oo 


(n+l)" L1 x n 


< 1 


I X I n 1 ÍPoo I ( ñ+T ) n ( ñ+T ) 


=> — • O < 1, which holds for all x 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no valúes for which the series converges conditionally 


< 1 =* H 


lim (4 t) < 1 

n —> oo Vn +1/ 


46. lim 

n —* oo 


Ua+l 


< 1 => lim 

n —> oo 


x I+1 %/” 


< 1 


Ixl lim 

n —> oo 


<1 => |x| < 1; when x = -1 


we have 


lxj n oo 

> which converges by the Alternating Series Test; when x = 1 we have , a divergent p-series 


(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = — 1 


< 1 => A lim (5+f) < 1 => -y/3 < x < y/3; 
the series ¿ an d ¿ 2-^3, obtained with x = ± y/3, both diverge 

(a) the radius is y/3; the interval of convergence is -y/3 < x < y/3 

(b) the interval of absolute convergence is — y/3 < x < y/3 

(c) there are no valúes for which the series converges conditionally 


47 . 


lim 

1 —> oo 


< 1 => 


lim 

1 —> 00 


(n + 2)x 2n+1 3 n 

3 n+1 ' (n+Dx 2 "- 1 
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48. lim 

n —> oo 


U n +1 

<r"' 1 — 2 > lim 

(x- l)x 2n+3 

2n + 1 

U n 

\ 1 —r' 11111 

n —> 00 

2n + 3 

(x- l) 2n+1 


(x — l) 2 < 1 


< 1 =*► (X - l) 2 n Hn^ (|±j) < 1 =► (X - 1) 2 (1) < 1 

~ (-i) n (-i ) 2n+1 


11 < 1 => — 1 < x — 1 < 1 => 0 < x < 2; at x = 0 we have ^2 

n=l 


2n+ 1 


±2^ ( _i \3n+l / i ."-i 

= 2^ ■>„ +1 = 2^ 2 n +1 w hich converges conditionally by the Alternating Series Test and the fací 

n=l n=l 

1 • (— l') n íl) 2n+1 v-' (— IV 1 

that 2J i diverges; at x = 2 we have 5 — 2n + í — = 2^ ^T+T > which also converges conditionally 

11=1 11=1 11=1 

(a) the radius is 1; the interval of convergence is 0 < x < 2 

(b) the interval of absolute convergence is 0 < x < 2 

(c) the series converges conditionally at x = 0 and x = 2 


49. 


lim 

1 —> (X) 



1 

< 2 > 

! 

Un+1 

< 1 =>• lim 

n — > 00 

csch (n+ l)x n+1 

< 1 => Ixl lim 

1 1 n —> oo 

V e n + * — e n ^ ) 

1 Un 

csch (n)x n 

( e n_ e -n) 


< 1 


Ixl lim 

1 1 n —> oo 


<1 =>— <1=>—e<x<e; the series ]0( ± e) n csch n, obtained with x = ± e. 


both diverge since n lim^ ( ± e) n csch n 7 O 

(a) the radius is e; the interval of convergence is —e < x < e 

(b) the interval of absolute convergence is —e < x < e 

(c) there are no valúes for which the series converges conditionally 


50. 


lim 

u n +i 

< 1 => lim 

x n+1 coth (n + 1 ) 

< 1 => Ixl lim 

n —► (X) 

U n 

n —> 00 

x n coth (n) 

1 n —> 00 


OO 

=> — 1 < x < 1; the series ^ ( ± l) n coth n, obtained with x = 

n=l 




1 +e 


< i 


Ixl < 1 


± 1, both diverge since 


lim ( ± l) n coth n + 0 

1 —> OO V ' ' 


(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no valúes for which the series converges conditionally 


51. The given series has the form 1 — x + x 2 — x 3 + ... + (—x) n + ... = yyy , where x = \ ; the sum is — f 


52. The given series has the form x — y + y — ... + (— l) n 1 y + ... = ln (1 + x), where x = |; the sum is 
ln (|) « 0.510825624 

53. The given series has the form x — y + y — ... + (—l) n + ... = sin x, where x = 7r; the sum is sin ir = 0 

54. The given series has the form 1 — y + y — ... + (—l) n + ... = eos x, where x = |; the sum is eos | = 2 


55. The given series has the form l+x+y + y + ... + y + ... =e x , where x = ln 2; the sum is e ln ( 2 ) = 2 

56. The given series has the form x — y + y — ... + (—l) n ( + ... = tan -1 x, where x = -y ; the sum is 

tan_1 (73) = I 

57. Consider { _7 X as the sum of a convergent geometric series with a = 1 and r = 2x => t 

OO OO 

= 1 + (2x) 4- (2x) 2 + (2x) 3 + ... = £ (2x) n = £ 2 n x n where |2x¡ < 1 => |x| < \ 

n=0 n=0 
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58. Consider as the sum of a convergent geometric series with a = 1 and r — -x ;i => | ] v , = t _ / x3 

O O O 00 

= 1 + (—x 3 ) + (—x 3 )“ + (—x 3 j + ... = (— l) n x 3n where | —x 3 1 < 1 |x 3 | < 1 => |x| < 1 

n =0 


59. sin x = ¿ 


(-l) n x 2n+I 
( 2 n + l)! 


Q¡n 7TY - Y' - V' (-l) n 7T 2n+1 X 2n+1 

sin /IX 2^ ( 2 n +1)! ^ ( 2 n + 1)! 

n =0 n =0 


60. sin x = ¿ 


( 2 n+l)! 


. 2x ^ 

sm 3 — E ( 2 n+ 1 )! 

n =0 


_ (—l) n 2 2 n+ 1 x 2n+1 

3 2 n+ 1 (2n+l)! 


61. eos x = 


( l) n x 2n ^ cos ^ x 5/3) = g (-d-(x 5/3 ) 2 ° _ ^ (-1 


( 2 n)! 


( 2 n>! 


= E 


( 2 n)! 


62. cos x = 


(—l) n x 2n 
( 2 n)! 


COS 


/ 3 \ 2n 

_ v ( ~ 1)n (75) - v fcírx^ 

V x/5/ ^ ( 2n ) ! ^ 5 "< 

' v ' n =0 


n =0 


5 n (2n)! 


oo oo / '¡yx \ n txj 

63.e x = E^ eW2) = E ^ = E ^ 


n =0 


2 n n! 


64. e x = y ^ => e" 

' n! 


= v (-* 2 ) n - y (-D- 

ni n\ 

n =0 n =0 


65. f(x) = a/3 + x 2 = (3 + x 2 ) 1/2 => f'(x) = x (3 + x 2 ) 1/2 ^ f"(x) = -x 2 (3 + x 2 ) 3/2 + (3 + x 2 ) 1/2 
=► f"'(x) = 3x 3 (3 + x 2 ) _5/2 - 3x (3 + x 2 )“ 3/2 ; f(-l) = 2, f'(-l) = - ¡ , f"(-l) = -¡ + ¡ = ¡, 


= - 3+¡=9 => ^3 + x 2 = 2 - 


(x + 1) , 3(x+1 ) 2 , 9(x + l) : 


2 - 1 ! 


+ 


2 3 - 2 ! 


+ 


2 5 -3! 


66. f(x) = ^ = (1 - x)- 1 => f'(x) = (1 - x)- 2 => f"(x) = 2(1 - x)- 3 => f'"(x) = 6(1 - x)' 4 ; f(2) = -1 

f"(2) = -2, f'"(2) = 6 => ¿ = -1 + (x - 2) - (x - 2) 2 + (x - 2) 3 - ... 

67. f(x) = ^ = ( X + l)-i =*. f'( x ) = (x + I)” 2 =► f"(x) = 2(x + I)” 3 =► f'"(x) = —6(x + l)” 4 ; f(3) = 

f'(3) = f"(3) = %, f"'(2) = - 4 6 =► ¿y = | ¿ (x - 3) + ¿ (x - 3) 2 - i (x - 3) 3 + ... 


68. f(x) = 1 = x 1 => f'(x) = — x 2 =>■ f"(x) = 2x 3 => f'"(x) = —6x 4 ; f(a) = ^ , f'(a) = — ^ , f"(a) = 
f"'(a) = =r => l = l - ¿ (x - a) + (x - a) 2 - ¿ (x - a) 3 + ... 


69 


. X^exp (-x 3 ) dx = J o 1/2 (l^x 3 + ^- ^ + ^ + ...) 


1 + 1 


2 2 4 -4 ^ 2 7 *7-2! 2 10 -10-3! ^ 2 13 -13-4! 2 16 -16-5! 


dx = 

0.484917143 


Y — EL_ _ X- , X- 

A 4 ' 7-2! 10-3! ~ 13-4! 


1/2 

0 


70. f g x sin(x 3 ) dx = f g x (x 3 - ¿ + £ - £ + £ + 


11-3! 1 17-5! 23-7! 1 29-9! 


5! 7! 1 9! 

1 « 0.185330149 

o 


\ i f 1 / a Y 10 y 16 y 22 v 28 

•••) dx = J„ ( x4 -¥ + ^-V + w 


-...) 


dx 


7L Ji 


1/2 dx = r ‘ /2 




y + T-y + T-TT + ---) dx = 

i i _i_ i _ i _j_ i 


y 3 y 5 y 7 y 9 y 11 

Y — —_L- 2 E — X_L E _. *_|_ 

9 “ 25 49 ' 81 121 “ 


1 1/2 


1 


1 


2 9-2 3 ' 5 2 -2 5 7 2 -2 7 ' 9 2 -2 9 ll 2 -2 n ' 13 2 -2 13 15 2 -2 15 ' 17 2 -2 17 19 2 -2 19 ' 21 2 -2 21 


J 0 

0.4872223583 


J'(2)= h 


i 

4 ’ 


2 
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81. lim 

n —> oo 


2-5-8- • (3n - l)(3n + 2)x n+1 2-4-6- • -(2n) 


2-4-6---(2n)(2n + 2) 


2-5-8- • -(3n - l)x n 


< 1 =» 


Ixl lim 

1 1 n —> oo 


3n + 2 
2n + 2 


< 1 => Ixl < 


the radius of convergence is = 


82. lim 


3-5-7- ■ ■(2n+l)(2n+3)(x— l) n+1 4-9-14---(5n-l) 


4-9-14--- (5n-l)(5n+4) 


3-5-7-■ -(2n4-l)x" 


< 1 => 


lim 


2n 4- 3 
oo 5n4-4 


< 1 => 


M<§ 


the radius of convergence is | 


83. E ln(l-¿)=E [ln (l + i) + in (l - i)] = E [ln (k + 1) - ln k + ln (k - 1) - ln k] 

k=2 k=2 k=2 

= [ln 3 - ln 2 + ln 1 - ln 2] + [ln 4 - ln 3 + ln 2 - ln 3] + [ln 5 - ln 4 + ln 3 - ln 4] + [ln 6 - ln 5 + ln 4 - ln 5] 
+ ... + [ln (n + 1) — ln n + ln (n — 1) — ln n] = [ln 1 — ln 2] + [ln (n + 1) — ln n] after cancellation 

n oo 

=* E ln (! - i?) = ln (tt) => E ln (1 ~ i?) = n '™oo ln ) = ln l is the sum 


84. Ei^T-=iE(¿T-kir) = H(!-D+a-D+a-D+a-D+-+(^-D 

k=2 k=2 

+ (-k _ L.)] = I( r l + l_I_ = I (l - I _ = I 

' Vn-1 n+l/J 2 V 1 ' 2 n n+1/ 2V2 n n+1/ 2 

oo 

=> E ¡+r = lim <- - -+-) = i 

' k — 1 n —» oo 2 V 2 n n+1/ 4 


3n(n + 1) — 2(n + 1) — 2n 
2n(n+ 1) 


3n 2 - n - 2 
4n(n+ 1) 


85. (a) lim 

n —> oo 


1-4-7---(3n — 2)(3n+l)x 3n+3 


(3n)! 


(3n + 3)! 


1-4-7- ■ -(3n — 2)x 3n 


< 1 => |x 3 1 lim 


(3n + 1) 


n TÍ+oo (3n + l)(3n + 2)(3n + 3) 


= | x 3 1 - O < 1 =>■ the radius of convergence is oo 
(b) y = 1 + E 14 ' 7 'nnv ~ 2) X 3 - =* | = E '~ l ' 7 " ,3n 2) - , " i 


n=l 


dx ' (3n — 1)! 

n=l 


ífy — + 1-4-7- ■ -(3n — 2) 3n-2 _ y 1-4-/-- 

^ dx 2 2^ (3n — 2)! K '¿^, (3n—3) 

n=l 


1-4-7-■■ (3n-5) x 3„-2 


= x(i + E 

n=l 


1 ' 4 ' 7 ( 3 n?° 2> x3 ” = xy + O =>■ a = 1 and b = O 


86. (a) = T _+ x) = x 2 + x 2 ( x) + x 2 ( x) 2 + x 2 (-x) 3 + 

converges absolutely for |x| < 1 

OO OO 

(b) x = 1 => E (— l) n x n = E (—l) n which diverges 

n=2 n=2 


= x 2 - X 3 + x' 


— x 5 + ... = E (— l) n x n which 


87. Yes, the seriesE a nb n converges as we now show. Since E a n converges it follows that a„ —> O =>■ a n < 1 


for n > some Índex N => a n b n < b n for n > N => E a nb n converges by the Direct Comparison Test with E b n 

n= 1 n=l 


oo 

88. No, the series E a nb n might diverge (as it would if a n and b n both equaled n) or it might converge (as it would if 

n= 1 

a n and b n both equaled 1). 

OO OO 

89. E (Xn +1 - X„) = lim E(xk +1 - X k ) = lim (x n+ i - xi) = lim (x n+ i) - xi => both the series and 

II ' OO . II ' OO II ' LXJ 

n=l k=l 

sequence must either converge or diverge. 
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90. It converges by the Limit Comparison Test since n lim^ v - 
and so a n > 0. 


lim = 1 because a n converges 

n=l 


91- T, t - ai + f + | j + ... > ai + (i) a 2 + (5 + y) a 4 + (5 + g + ^ + |) a 8 

n=l 

+ (l + h + n + • • • + 1 ^) a i6 + • • • > l (a 2 + a 4 + a 8 + a 16 + ...) which is a divergent series 

92 - a " = nn; forn > 2 => a 2 > a 3 > a 4 > ... , and ^ + ¿g + ... = ± ^ + jh + ■■ 

OO 

= ^(1 + 1 + ^ + ...) which diverges so that 1 + ^ g-¡gg diverges by the Integral Test. 

n=2 

CHAPTER 10 ADDITIONAL AND ADVANCED EXERCISES 


1. converges since 


< (3ii _ 1 2 . 3 / 2 and ^2 (3n Z) 3 / 2 converges by the Limit Comparison Test: 


(3n-5¡f 2nL1 >/ 2 (3n — 2) 3 / 2 (3n-2) 3 / 2 

n=l 


lim 

n —> 00 


= lim (3n^2) 3 /2 = 3 3/2 
( 1 ] n —» oo ' n ) 

V( 3 n- 2 ) 3 / 2 / 


r°° 2 r\ 

2. converges by the Integral Test: J (tan -1 x) 

_ / n 3 _ jr i A 

^24 192 ) 


lim 

' (tan- 1 x) 3 ' 

b r 

= lim 

b — * oo 

3 

i b —> oo 


(tan 1 b) _ jr(_ 
3 192 


7 7T 3 

192 


3. diverges by the nth-Term Test since lim a n = lim (— l) n tanh n = lim (—l) n ( i - e _l" ) = lim (— 1 ) n 

& J n —>00 n n —> 00 v J b^oo V 1 + e / n -^ 00 

does not exist 


4. converges by the Direct Comparison Test: n! < n” => ln(n!) < n ln(n) => 


< n 


log n (n!) < n =>• log " 3 (n!) < gj , which is the nth-term of a convergent p- 


series 


12 


„ _ M _ 

> ^2 1.A 


5. converges by the Direct Comparison Test: ai = 1 = (1)(3)(2 )2 

OO 

_ 12 ai _ (34^ (kl\ - 12 _v 1 . V _ 

’ a4 V5-6/ V4-5/ V3-4/ (4)(6)(5) 2 ’ ** * ^ 1 ^ (n+ l)(n + 3)(n + 2)- 

n=l 


12 




3-4 (2)(4)(3) 2 ’ “4 V 4-5 ) V 3-4 ) 

12 


(3)(5)(4) 2 

given series and 


represents the 


12 


(n + i)(n + 3 )( n + a) 2 < % - which is the nth-term of a convergent p-series 

= 0 < 1 


6. converges by the Ratio Test: n lim^ -g^ 1 = n lim 


OO (n — l)(n + 1) 


7. diverges by the nth-Term Test since if a n —► L as n —> oo, then L — 


i 


-L- 1=0 => L = 


-i± 

2 


8. Split the given series into J2 ps+r and 5Z -i", ; the first subseries is a convergent geometric series and the 

n=l n=l 


second converges by the Root Test: n hm^ y = n lim^ v ^ 9 V11 = ^ ^ < 1 


\/2 1/n _ i-i _ i 


9. f(x) = eos X with a = f =► f (f) = 0.5, f' (|) = - , f" (f) = -0.5, f" (f) = ^, f< 4 > (f) = 0.5; 


eos x = i - Y ( x - |) - \ (x - f) + ^ (x - f) + .. 
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10. f(x) = sin x with a = 2 tt => f(27r) = 0, f'(27r) = 1, f"(27r) = 0, f m (2n) = -1, f( 4 >(27r) = 0, f( 5 >(27r) = 1, 
f< 6 >(27r) = 0, f (7 >(27T) = -1; sin x = (x - 2 tt) - + ... 


11. e x = l+ x+ f[ + || + ... with a = 0 


12. f(x) = ln x with a = 1 => f(l) = 0. f'(l) = 1, f"(l) = -l,f"'(l) = 2, f^(l) = -6; 


lnx = (x- 1) - 


(x-i) 2 , (x-1) 3 (x-1) 4 


+ 


3 


+ 


13. f(x) = eos x with a = 22n f(227r) = 1, f'(227r) = 0, f"(227r) = -1, f'"(227r) = 0, f^(22jr) = 1, 

2 v- — / i jí (x - 22 tt) 4 - ^ 


f <5) (227r) = 0, f (6) (227r) = -1; eos x = 1 - 1 (x - 22 tt) 2 + ¿ (x - 22n) 4 - A (x - 22 t r) 6 + ... 


14. f(x) = tan" 1 x with a = 1 => f(l) = \ , f'(l) = \ , f"(l) = - 2 f"'(l) = \ ; 


tan- 1 x = | + ^ ^ 


15. Yes, the sequence converges: c n = (a n + b 11 ) 


np/n 


Cn = b ( ( é 


((n) n + 1) 1/n lim C n = ln b + lim iüMjtÜ 

Wb/ ) n —> OO n— xx) n 


= ln b + lim ^ViT V = ln b + °,| n JP = ln b since 0 < a < b. Thus, lim c n = e lnb = b. 

n—>oo ( 5 ) + 1 0+1 n -> oo 


16. 1 + 10 + Tó* + 103 + 104 + 105 + To¡r + ••• - 1 + £ 1035=1 +E 1035=T + E Toa; 

n=l n=l n=l 


oo OO OO / 2 \ I -2— I -j— 

— i i v 2 -i- v 3 -u v 7 — i + (io) i uo 2 y i vio 3 , 

1 ' Z-/ io 3n+1 ' Z-/ io 3n+2 ' Z-/ io 3n + 3 1 ' i _ /j_\ 3 ' i _ /j_\ 3 ■ i (± 

n=0 n=0 n=0 1 VioJ 1 VioJ 1 Vio 

_ i I 200 i 30 , 7 _ 999+237 _ 412 

1 ^ 999 “T 999 I" 999 999 333 


n-1 pk+1 


dx 


’ n " k=o J* 

1 + X 3 

=> lim ¡ 

3 n = lim 

n — 

■» 00 

n — > 00 

lim 

Un+l 

= lim 

n — ► (X) 

U n 

n — ► 00 


s “ - fo irVr + /i 143? + ••• + L ,TT? =► s " - fo 


dx 

1 +x 2 


(n + l)x n+I (n+l)(2x+l) n 

(n + 2)(2x + 1 ) n i 1 ’ nx n 


= lim 

n —> oo 


x _ (n + l) 2 
2 x + 1 n(n + 2) 


I 2x+ 1 


< i 


=> |x| < |2x + 1|; if x > 0, |x| < |2x + 1| => x < 2x + 1 =>■ x > —1; if — \ < x < 0, |x| < |2x + 1| 

=> —x < 2x + 1 =>• 3x > —1 => x > — j ; if x < — 1, |x| < |2x + 1¡ =>■ —x < —2x — 1 => x < —1. Therefore, 
the series converges absolutely for x < — 1 and x > — 4 . 


19. (a) No, the limit does not appear to depend on the valué of the constant a 
(b) Yes, the limit depends on the valué of b 


( c) s=(i-^y 


ln 1 


ln s = 


ü) 


lim ln s = 

n —> oo 


— £ sin I £) + eos 


= _ lim . ^ = -1 =>• n üm s = e- 1 « 0.3678794412; similarly. 


n —> 00 1 _ ! 


lim 

n —► 00 




-i/b 


20. V' a n converges =>■ lim a n = 0; lim 

*—( ° n ^ oo n -^00 




1+sin 0 
2 


the series converges by the nth-Root Test 
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21. lim “V < 1 =4 lim • srí 

n —> oo Un n —> oo ln(n+1) b"x n 


< 1 =4 |bx| < 1 


-5 < x <5= 5 =* b= ±1 


22. A polynomial has only a finite number of nonzero terms in its Taylor series, but the functions sin x, ln x and 
e x have infinitely many nonzero terms in their Taylor expansions. 


23. lim sia(ax) - sinx -* = i im 


(“ “a! + ') ( X 3!+") x _ Jim [a-2 a 3 , 1 f a 5 l\ 2 , 

x 3 “ X IU P 0 [ x 3 3! ^ 3! y5! 5!y X + ■" 


is finite ifa — 2 = 0 =4 a=2; lim 

x -► O 


sin 2x — sin x - 


21 , J_ _ _ 7 
3! “ 3! 6 


24. lim cos 9 ax r b = -1 =4 lim --— J¡- 

x -v o 2x x - O 2x 

=4 b = 1 and a = ± 2 


= -l (y-í + xf- •••) = -> 


2 00 

25. = 1 + s + ¿ C = 2 > 1 and E ¿ converges 

n=l 

oo 

(b) ^ ^ = 1 + 5 + & =*► C = 1 < 1 and E l diverges 


76 _u¡L _ 2n(2n+1) _ 4n 2 + 2n _ < . (?) 5 _ i i U) . U 4 " 2 ~ 

U ' u n+ i (2n - l) 2 ~ + 1 T n T 4n 2 -4n+l 1 ‘ r n ' 


after long división 


C = | > 1 and ¡f(n)| = 4 n Et +1 


Y — f —pr <5 => ^2 u n converges by Raabe's Test 

(4 — H- —o ) n= i 


27. (a) Ea n = L=tí< a n E a n = a n L =4- E a 2 converges by the Direct Comparison Test 

n=l n=l n=l 

( a n ^ oo 

(b) converges by the Limit Comparison Test: lim 21 - a "' = lim y~T = ' s i nce E a n converges and 

n n n=l 

therefore lim a n = O 

X —> 00 

28. If O < a n < 1 then |ln (1 — a n )| = - ln (1 - a n ) = a n + ^ ^ + ... < a n + a 2 + a„ + ... = , 4n an , 

a positive term of a convergent series, by the Limit Comparison Test and Exercise 27b 

OO OO 

29. (1 — x)^ 1 = 1 + E x 11 where |x| < 1 =4 ^ (1 — x) _1 = E nx 11 ^ 1 and when x = ^ we have 

n=l n=l 

4=l+2(i) + 3(i) 2 + 4(i) 3 + ...+n(I) n - 1 + ... 

OO . OO 9 oo oo 

30. (a) E x n+1 = p E (n + l)x n = => E n ( n + Dx 11 ^ 1 = ^ =► E n(n + l)x“ = ^ 

n=l n=l n=l n=l 

oo 2 

yx nfn + 1) _ _f_ _ 2x 2 I I ^ i 

x n ~ / lV 3 _ (x — 1 ) 3 ’ l X l > 1 

n=l l'-ij 


(b) X = E 

n=l 


= E ^ =* x=y^ =4 x 3 -3x 2 +x-1=0 =4 x=l + (l + ^) +(l-4 2 ) 


2.769292, using a CAS or calculator 


31. (a) (prjw = ¿ (jzj) = ¿(l + x + x 2 +x 3 + ...) = l+2x + 3x 2 + 4x 3 + ... ^E ^ 1 


OO — 1 I ¿ 

(b) from part (a) we have E n (f ) n ~ (g) = (g) yAy 

n=l L '- 62j 
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(c) from part (a) we have E np n ^ 


OO OO / 1 \ oo oo oo 

32 . (a) E Pk = E 2 " k = = 1 and E(x) = E kp k = E k 2 ~ k = ¡ E k 2 ^ k = (i) = 2 

k=l k=l '■ 2 ' k=l k=l k=l P talJ 

by Exercise 31 (a) 

9» El* = E ¥ = ÍE (|) = (i) tAt =landE(x) = E kpi = E >T=ÍE k(¡) 

k=l k=l k=l L y6>J k=l k=l k=l 

= ^ ÍM¡Íf =6 

OO OO OO OO OO / \ 

(C) E Pk = E kfkTT) = E (e - kTl) = t lim (! - kir) = 1 and E « = E k Pk = E k (¡^Tn) 

k=l k=l k=l K > OO k=l k=l x ' 

oo 

= ^2 —j-¡- , a divergent series so that E(x) does not exist 

k=l 


oo , , 

5 E k(|) 


33. (a) R n = C 0 e~ kt ° + C 0 e~ 2kt ° + ... + C 0 e“ nkt » = C ° e ^j =I f° ho1 =► R = Q lirn^ R n = 


(b) R n = e ~ => R x = e- 1 « 0.36787944 and Ri 0 = e ~ ] ~ 0.58195028; 


R = ~ 0.58197671; R - Ri 0 « 0.00002643 


< 0.0001 


(O *..£ÍfeSa.t.|( p L I )*4.W4l(0» i «.>| * 

=► 1 - e-"/ 10 > i => e^ n / 10 < i => - i < ln (i) => i > -ln Q) ^ n > 6.93 => n = 7 


34. (a) R = =* Re kt » = R + C 0 = C H => e kt » = g =* t 0 = i ln (g) 

(b) to = o ^5 ln e = 20 hrs 

(c) Give an initial dose that produces a concentration of 2 mg/ml followed every to = ln (^) « 69.31 hrs 
by a dose that raises the concentration by 1.5 mg/ml 

(d) t 0 = ¿ ln (|A) = 5 ln (f) « 6 hrs 
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NOTES: 
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